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Abstract. Hypergraph-based methods can learn non-pairwise associ-
ations more efficiently in many real-world datasets. However, existing
hypergraph-based methods do not consider the relationship of the hybrid
neighborhood. To address this issue, we propose a hybrid higher-order
neighborhood based hypergraph convolutional network (HybridHGCN).
Technically, feature embeddings are generated via k-hop hypergraph con-
volution layers and mixed by the hybrid message operator. To evaluate
the proposed HybridHGCN, we conduct experiments on the citation net-
work datasets and the visual object datasets. The experimental results
show that HybridHGCN brings significant improvements over state-of-
the-art hypergraph neural network baselines.

Keywords: Hypergraph · Higher-order correlation · Hypergraph
convolutional networks

1 Introduction

Graphs are widely used to model the pair-wise relationships in the real world,
such as collaboration networks and co-authoring networks [5,18]. An example of
such a graph is shown in Fig. 1(a), in which a1,..., to a7 are the nodes which rep-
resent the authors, and p1,..., to p4 are the edges which represent the papers con-
necting the co-authors. Non-pair-wise and complex relationships among entities
can be more effectively and flexibly modeled by a hypergraph [6]. An example of
a hypergraph is shown in Fig. 1(b), in which p1,..., to p4 are the hyperedges that
connect the multiple co-authors. The number of nodes connected by a hyperedge
is defined as the degree of the hyperedge. A hypergraph is simplified to a graph
when the degree of the hyperedge is set to 2.
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Graph convolutional network (GCN) [15] has been applied to citation
networks and knowledge graphs, with significant improvement in the semi-
supervised node classification task. Although GCN can be used for classifica-
tion tasks in visual data and social networks, it is highly desired to extend it to
hypergraph structure given its more flexible modeling of complex relationships
in many real-world networks compared with graphs. Recently, many researchers
explored the hypergraph application in GNNs [3,4,10,14,25]. Feng et al. [10]
proposed a hypergraph neural network (HGNN) by using hypergraph Laplacian
to learn the message of non-pair-wise relationships. Yadati et al. [25] simpli-
fied the hypergraph to a graph and then applied the GCN. However, existing
hypergraph-based neural networks do not consider the k-hop neighbor relations.

(a) Simple graph (b) Hypergraph (c) K-hop graph (d) K-hop hyper-
graph

Fig. 1. Illustration of the graph/hypergraph structures, higher-order graph and higher-
order hypergraph. (a) A simple graph represents the pair-wise relations among authors
and papers. (b) A hypergraph with 4 hyperedges that represent the non-pair-wise
relations among authors and papers. (c) A k-hop graph where ovals of different colors
represent different orders. (d) A k-hop hypergraph where hyperedges of different colors
represent different orders (Color figure online).

Inspired by [1], to consider the k-hop neighbor in a hypergraph, we propose
a hybrid higher-order neighborhood based hypergraph convolutional network
(HybridHGCN). To aggregate k-hop neighbor messages, HybridHGCN is com-
posed of k-hop hypergraph convolutional layers and a hybrid message operator.
As the higher-order neighbors of a hypergraph can be described by the inci-
dence matrix of higher-order power. An example of a k-hop graph is shown in
Fig. 1(c), in which ovals of different colors represent different orders. As illus-
trated in Fig. 1(d), a k-hop hypergraph is represented by different-order hyper-
edges, shown in different colors. In the incidence matrix of different power, the
receptive field of neighbors is broadened as the order increases. Updated by
k-hop hypergraph convolutional layers, the generated features embedding rep-
resent the k-hop neighbor messages. In the hybrid message operator, we use an
element-wise max pooling operator to mix k-hop neighbor messages. To evaluate
the proposed HybridHGCN, we construct three different hop hypergraph convo-
lutional layers and examine the node classification performance on both citation
network datasets and visual object datasets.

The main contributions of this paper are summarized as follows.
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– We propose HybridHGCN, a new method to capture higher-order and low-
order neighbor relations and it enhance the representation capability of the
hypergraph network.

– We propose the hypergraph structuration with the higher-order incidence
matrix to broaden the receptive field of the hypergraph network.

– The experimental results show the proposed HybridHGCN achieve the new
state-of-the-art performance on citation networks and visual object datasets.

Fig. 2. Overview of the proposed hybrid higher-order neighborhood based hypergraph
convolutional network (HybridHGCN). The parameters 1,..., to k denote the hyper-
graphs with different hops. The two-layer denotes the adopted two hypergraph con-
volutional layers. The output feature embedding is composeed of N -nodes with D-
dimension features. Mixing by a hybrid message operator, the number of nodes and
dimension of features remain unchanged.

2 Related Works

2.1 Graph Neural Networks

Due to the excellent performance of deep neural networks on structured data
from various tasks, Bronstein et al. [7] extended the neural network model to
the graph structure data drawn from non-Euclidean space. Kipf et al. [15] pro-
posed Graph Convolutional Network (GCN) by learning neighboring node rep-
resentations through the convolution defined by the graph Laplacian. To solve
the problem of GCN’s dependence on the global graph structure, Veličković
et al. [22] proposed Graph Attention Network (GAT) in which the attention
mechanism assigns different weights to different nodes. Abu-El-Haija et al. [1]
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proposed the MixHop model to explore neighborhood mixing relationships rep-
resented by repeatedly mixing feature representations. More details about the
current research of graph neural networks and graph representation can be found
in excellent surveys [9,23,29].

2.2 Learning on Hypergraph

On hypergraphs, clique expansion or star expansion [2,16,28] are widely used to
mine the hypergraph structure. Su et al. [21] utilized a hypergraph structure to
represent the correlation between different objects in a multi-view 3D dataset
and then proposed a vertex-weighted hypergraph classification algorithm. Yu
et al. [26] proposed an alternating optimization method to optimize the label
and hyperedge weights in the hypergraph learning process. Hayashi et al. [12]
employed random walks based on edge-related vertex weights to construct differ-
ent hypergraph Laplacian matrices, and proposed a flexible hypergraph structure
data clustering framework.

2.3 Hypergraph Neural Network

Feng et al. [10] proposed Hypergraph Neural Network (HGNN) to model the
non-pair-wise relations as the weighted hypergraph. The hypergraph neural net-
works was also applied to visual classification [19]. Jiang et al. [13] proposed
the dynamic hypergraph neural network by extending the dynamic hypergraph
learning [27]. Bandyopadhyay et al. [4] proposed the line hypergraph convolu-
tional network by mapping the hypergraph to a weighted attribute line graph.

3 Preliminary Knowledge

3.1 Hypergraph

In this section, we briefly introduce the preliminary knowledge of hypergraphs.
An edge in a simple graph connects two vertices. Compared with simple graph,
a weighted hypergraph is denoted as G = (V, E ,W), where V = {v1, v2, ..., vn}
is a set of n vertices, E = {e1, e2, ..., em} is a set of m hyperedges and
W = {(w(e1), w(e2), ..., w(em)} is a set of hyperedge weight. The structure of
hypergraph G can be represented by an incidence matrix H ∈ IR|V|×|E| with
entries

h(v, e) =
{

0 if v /∈ e,
1 if v ∈ e.

(1)

In practice, h(v, e) takes continuous values in the range of [0, 1] which indicates
the importance of the vertex v for hyperedge e. The degree of a vertex v ∈ V is
defined by

d(v) =
∑
e∈E

w(e)h(v, e), (2)
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where e denotes a hyperedge in the hyperedge set E , and the degree of hyperedge
e ∈ E is defined by

δ(e) =
∑
v∈V

h(v, e). (3)

Let Dv be the diagonal matrix of the vertex degrees, De be the diagonal matrix of
the hyperdege degrees, and W be the diagonal matrix of the hyperedge weights,
i.e., Dv = diag(d(v1), d(v2), ..., d(vn)), De = diag(δ(e1), δ(e2), ..., δ(em)), and
W = diag(w(e1), w(e2), ..., w(em)).

3.2 Hypergraph Convolution Network

For a hypergraph G = (V, E ,W) and hypergraph signal X, the hypergraph con-
volution layer f(X,W,Θ) based on the theory of spectral convolution on hyper-
graph is defined as

X(l+1) = σ(D− 1
2

v HWD−1
e HTD− 1

2
v X(l)Θ(l)), (4)

where X(l) ∈ IRN×D(l)
represents the N vertex features in the l − th layer, Θ(l)

is a learnable parameter of filter in the l − th layer and σ(·) denotes the nonlin-
ear activation function. Hyperedge weight W ∈ IRN×N reflects the importance
of different hyperedges in the network. A two-layer hypergraph convolutional
network model can be defined by

Y = softmax(Ĥ(σ(ĤX(1)Θ(1)))Θ(2))), (5)

where Ĥ = D− 1
2

v HWD−1
e HTD− 1

2
v , and Θ(1) and Θ(2) represent the trainable

parameter matrix in first layer and second layers respectively.

4 Method

In this section, we propose the HybridHGCN to capture k-hop neighbor rela-
tions. As shown in Fig. 2, HybridHGCN consists of k branches and a hybrid
message operator that each branch takes the two-layer structure. We employ
incidence matrices of different order of powers to represent the k-hop hyper-
graph. In the hypergraph convolutional layer, node representation is updated
with the k-hop neighbor message by the incidence matrix of k-order power. To
represent different-order neighbor relations, we propose a hybrid message oper-
ator to mix feature embeddings generated from each branch. Specifically, the
hybrid message operator is implemented before the softmax layer. The Hybrid-
HGCN consisting of k branches and a hybrid message operator can be written as

Y = softmax(HM(σ(Ĥ(1)X(l)Θ(l)), σ(Ĥ(2)X(l)Θ(l)), ..., σ(Ĥ(k)X(l)Θ(l))),
(6)
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where HM(·) is a hybrid message operator, Ĥ = D
− 1

2
v HWD−1

e HT D
− 1

2
v , and

σ(·) is the Relu activation function. The parameter k denotes the power of the
incidence matrix, and l represents the layer of the hypergraph convolution. In
HM(·) layer, the input feature of (l+1)-layer is the output of l-layer hypergraph
convolution. When parameter l = 1, the input feature of the first hypergraph
convolutional layer is the initial feature X. Specifically, Ĥ(k) represents the inci-
dence matrix of k-th order of power. The diagonal matrices of the edge degrees
D

(k)
e and vertex degrees D

(k)
v correspond to the k-th order of hypergraph Lapla-

cian Ĥ(k), respectively. In the process of simultaneous high order and low order
message propagation, we propose a hybrid message operator HM(·) as follows:

OutHM = HM(FtsH(1) , F tsH(2) , ..., F tsH(k)), (7)

where OutHM represents the mixed feature. The features FtsH(1) , FtsH(2) and
FtsH(k) represent the output features of hypergraph convolution layers associ-
ated with the 1st, 2nd and k−th orders of power incidence matrices respectively.
HM(·) performs an element-wise operation on eigenvector matrices of different
orders, which selects the max elements. In this paper, we set the parameter l = 2
which means the HybridHGCN has two layers and we have

Y = softmax(HM(Ĥ(1)σ(Ĥ(1)X(l1)Θ(l1))Θ(l2), Ĥ(2)σ(Ĥ(2)X(l1)Θ(l1))Θ(l2),

..., Ĥ(k)σ(Ĥ(k)X(l1)Θ(l1))Θ(l2))),
(8)

where Ĥ is the normalized hypergraph Laplancian, Θ(l1) ∈ IRd0×d1 and Θ(l2) ∈
IRd1×d2 are the learnable weight parameters. For classification with q classes, we
adopt cross entropy as the loss function of HybridHGCN:

L = −
∑
i∈VL

q∑
j=1

Ŷij ln Yij , (9)

where VL denotes the set of labeled examples and q represents the number of
classes. Ŷij denotes the actual label of a node in VL and Yij is the predicted label
computed by Eq. (8).

5 Experiments

5.1 Datasets and Baseline

In our experiments, we use classification accuracy as the evaluation criteria. To
evaluate the HybridHGCN, we employ five datasets including citation networks
and visual objects. Cora, Citeseer and Pumbed [17] are publicly used citation
network datasets, which contain the graph structures of citations with the bags-
of-words feature vector of documents. In Cora, Citeseer, and Pumbed, nodes
correspond to documents and edges represent the relation between each pair of
nodes. Specifics of Cora, Citeseer, and Pumbed are presented in Table 1.
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Table 1. Summary of citation network datasets.

Dataset Cora Citeseer Pumbed

Number of nodes 2,708 3,327 19,717

Number of edges 5,278 4,552 44,324

Length of features 1,433 3,703 500

Number of classes 7 6 3

The Priceton ModelNet40 dataset [24] contains 12,311 visual objects of
40 categories including airplane, bathtub, car, dresser, guitar, and so on. The
National Taiwan University 3-D model (NTU) dataset [8] contains 2,012 visual
objects of 67 categories, including chair, clock, door, frame and so on. The sum-
mary of visual object, categories, and length of MVCNN and GVCNN extracted
features are given in Table 2.

Table 2. Summary of visual object datasets.

Dataset ModelNet40 NTU

Number of object 12,311 2,012

Length of MVCNN features 4,096 4,096

Length of GVCNN features 2,048 2,048

Number of classes 40 67

We compare the following methods in our experiments. We denote HGNN as
HGNN-s when HGNN adopt the same graph structure as HyperGCN [25] and
LHCN [4].

– HyperGCN [25]: The method approximates the hypergraph Laplacian to
graph and then performs graph convolution. 1-HyperGCN and FastHyper-
GCN are two variants of HyperGCN. The former approximates the hyperedge
by a pair of edges and adds mediators to enhance the performance. The latter
reduces computation time where the hypergraph Laplacian is computed only
once before training.

– Line Hypergraph Convolution Network (LHCN) [4]: The hypergraph struc-
ture is mapped to an attributed and weighted line graph which adapts in
graph convolution.

– Hypergraph Neural Network (HGNN) [10]: The method adopts the normal-
ized hypergraph Laplacian to perform graph convolution in weighted clique
expansion hypergraph.

5.2 Experimental Setting

For citation networks and visual object datasets, we construct the hypergraph
from the original graph structure and Euclidean distance of visual objects,
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respectively. For each node in the graph of citation networks, we take it as a
central node and set a hyperedge with this central node as the centroid. The
other nodes that connect to the centroid are added into the hyperedge, and
the entries of hypergraph structure are formulated as Eq. (1). HGNN [10] and
HybridHGCN adopt the same hypergraph structure. The graph structures of
HyperGCN have 1,579, 1,079 and 7,963 edges for Cora, Citeseer and Pubmed
respectively.

For visual object datasets, we select Mutil-view CNN [20] and Group-view
CNN [11] to extract features, which have shown excellent performance in the
representation of 3D shape. Considering the feature of each visual object, we
calculate its Euclidean distance with other objects, and then select the k nearest
nodes to connect. In our experiments, we set the hyper-parameter k to be 10.
The entries of the constructed hypergraph structure is as follows.

h(v, e) =

{
0 if v /∈ e

exp
(
− 2D2

ij

Δ

)
if v ∈ e,

(10)

where Dij denotes the Euclidean distance between node i and node j, and
Δ denotes the average pairwise distance of all nodes.

For Cora, Citeseer, and Pubmed datasets, the dimensions of the hidden units
of HybridHGCN are 32, 16, and 64com, respectively, and the orders of the inci-
dence matrices are 1, 2, and 3 respectively.

For ModelNet40 and NTU datasets, the dimensions of the hidden units of
HybridHGCN are 256, and the orders of the incidence matrices are 1, 2, and 3
respectively.

5.3 Experimental Results and Discussion

For citation networks datasets, experiment results are shown in Table 3, where
performances of comparison methods are directly taken from [4,25]. The pro-
posed HybridHGCN achieves the best testing accuracy of 81.88%, 70.96%, and
78.31% on Cora, Citeseer, and Pubmed respectively. We adopt the datasets split
by using 5.2%, 4.1%, and 0.3% of data for training respectively and the rest is
for testing. The train-test split is the same as HyperGCN [25] which samples the
nodes of the same size from each class.

We also evaluate the specific effects of different label rates on HGNN and
HybridHGCN for the citation datasets, by trying to use 5%, 10%, 20%, 30%,
and 40% of data for training, respectively and the rest is for validating and test-
ing. As shown in Table 4, compared with HGNN, the accuracy of HybridHGCN
increases by 0.1% to 1.79% for different data splits on Cora, with the more
obvious improvement on the low label rate. For Citeseer, as shown in Table 5,
HybridHGCN shows an increase in accuracy of 0.3% to 2.0% for different data
splits compared to HGCN. It’s worth noting that HybridHGCN improves per-
formance even more when the label rates are high in Citeseer. For Pubmed, from
Table 6 we can see that HybridHGCN achieves 0.2% to 0.3% increase in accu-
racy for different data splits, which are slight performance improvements over
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Table 3. Test accuracy (%) on citation networks classification. ± represents the stan-
dard deviation.

Method Cora Citeseer Pubmed

HGNN-s [25] 67.59 ± 1.8 62.60 ± 1.6 70.59 ± 1.5

1-HyperGCN [25] 65.55 ± 2.1 61.13 ± 1.9 69.92 ± 1.5

FastHyperGCN [25] 67.57 ± 1.8 62.58 ± 1.7 70.52 ± 1.6

HyperGCN [25] 67.63 ± 1.7 62.65 ± 1.6 74.44 ± 1.6

LHCN [4] 73.34 ± 1.7 63.19 ± 2.2 70.76 ± 2.4

HGNN [10] 80.99 ± 0.8 69.72 ± 1.0 78.14 ± 1.7

HybridHGCN 81.88 ± 0.2 70.96 ± 0.8 78.31 ± 1.6

Table 4. Test accuracy (%) on Cora dataset classification. ± represents the standard
deviation. 5% to 40% represent the percentage of data used for training.

Method Cora

5% 10% 20% 30% 40%

HGNN [10] 79.86 ± 1.1 81.72 ± 1.6 84.60 ± 0.9 86.36 ± 1.4 88.02 ± 1.4

HybridHGCN 81.04 ± 0.5 83.28 ± 0.8 85.20 ± 1.1 87.50 ± 0.9 89.81 ± 0.4

HGNN. The success of HybridHGCN lies in the addition of the k-hop neighbor
message to improve node representation capabilities.

For the experiment on ModelNet40 and NTU datasets, we follow the same
80%–20% dataset split for training and testing respectively as in [24]. For visual
object datasets, from Table 7 we can observe that HybridHGCN performs better
than the rest under most CNNs features. On the ModelNet40 dataset, compared
with the MVCNN features and GVCNN features, the performance of Hybrid-
HGCN is close to HGNN. On the NTU dataset, HybridHGCN brings the gain of
2.24% and 2.93% on MVCNN features and GVCNN features respectively. The
results indicate that HybridHGCN is more effective in node classification tasks
than HGNN.

Table 5. Test accuracy (%) on Citeseer dataset classification. ± represents the stan-
dard deviation. 5% to 40% represent the percentage of data used for training.

Method Citeseer

5% 10% 20% 30% 40%

HGNN [10] 70.22 ± 1.2 71.70 ± 0.6 73.82 ± 1.0 74.98 ± 0.5 75.04 ± 1.3

HybridHGCN 70.58 ± 1.1 72.32 ± 0.6 73.60 ± 0.5 76.08 ± 1.4 77.02 ± 1.4
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Table 6. Test accuracy (%) on Pubmed dataset classification. ± represents the stan-
dard deviation. 5% to 40% represent the percentage of data used for training.

Method Pubmed

5% 10% 20% 30% 40%

HGNN [10] 83.16 ± 0.2 83.80 ± 0.8 84.54 ± 0.5 84.60 ± 0.3 84.66 ± 0.5

HybridHGCN 83.38 ± 0.3 84.12 ± 0.3 84.22 ± 0.1 84.96 ± 0.3 84.90 ± 0.6

Table 7. Test accuracy (%) on ModelNet40 and NTU datasets classification. ± repre-
sents the standard deviation. MVCNN and GVCNN represent the features extracted
from Multi-view CNN [20] and Group-view CNN [11] respectively.

Method ModelNet40 NTU

MVCNN GVCNN MVCNN GVCNN

HGNN [10] 91.00 92.60 75.60 82.50

HybridHGCN 90.62 ± 0.0 92.76 ± 0.1 77.84 ± 0.1 85.43 ± 0.1

6 Conclusions

This paper proposed a hybrid higher-order neighborhood based hypergraph con-
volutional network (HybridHGCN), which explores the k-hop neighbor message.
We conducted extensive experiments on hypergraphs construct on citation net-
works and visual object datasets, and the results showed that HybridHGCN
performs better than the state-of-the-art methods. For the future work, we plan
to further reduce the feature redundancy in mixing the k-hop neighbor messages.
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