
* Pauli gates -

EX = i Y
,

X . Y,
Z are pairwise 'anti-commute:

e.g. XY = - YX.

* Pauli group : G(n) .

is a set

of n-qubit unitaries that
are generated from

5 i , X . Y.
z} by tensor produce and composition.

e. .g. G(A)
: <17 ,
li] ,
IX ,
liX

,

IE ,
liE,

1 iY ,
lY3 .

(SolGCas) =4+

G (2) : < aPOP2l atEll ,
li

,
PrPzEGLI)]

.

side note : a is
a group ifa

is a set

ed with etG ,
#: GxG

+G.
that is equip
inv : G -> G Sit

e * g
= g ,
VgEG

inv(g) * 9 = G * invlg)
=e . Vge4,

(9 ,
* 82) * 85

= g ,

* (82* 93).

We write SEG it S is a subgroup ofG.



* Stabilizer states. and stabilizers.

Let 54G(u) .

the stabilizer states of S.

denoted byUs ,

is theset

Vs = < 4/PtQ" VPtS ,
P(O) =P3

.

#Complex rector space of dim 2"

Thm : Us is a rector space
.

e . g if a beVs ,

atbeVs
.
(Platb

= P(a)+P(b)

XcGQ ,
aGVs

,
catUs

.

ets
,

= a+b)

P(ca)=<p(a)

S is call "stabilizer" of VS.

* Example : DS = &E ,
·EE1 ,

1Ez , zIE] .

--> &

= LZz] , Izz)
.

We write zz] for 20 ** I .

V < 10007 ,
100k ,

I (10) , 1 111))
=°

zzq
=

I

-
/
Vector space spanned by: .

VIZE = < 1000) , 1011 , /100) .

11) >

So Us = Vzzz U VIE => = <1000) ,
I



&

② S = (XX ,
zz)

Vxx = < I +) It) ,
1 - 1) ·>

Vzz = 1007 ,
I k [

V =
x .

1Vzz =

1003+ (1)
>

1

1++ + 1- ->
T
-V F I
- d

* e write

S =< P , .

. . . P 7W
-

is generated from P:.. Pr
E Glu)

meanto
and Pi . Pj are independent.

We assume Pi Pj comutes

and Pit-] Fi.

Thm :
Ke S =< P ,

. .
. P2 > satisfying

Then we have

the assumption.
n- W

dim (Vs) : I



* Modeling Clifford computation ,

rather than working with state explicitly,

work with
the stabilizer instead.

We

so <2) ·

instead of 10)

<EI ,

+2)
instead of 1007 .

* H , S ,CNOT] .

te on

then : Applying a
difford ga

to a state can
be described as

·
group

action" i . e. conjugation.

e .g .

<27 H < H2H) =< X).

stablizes stablizes)
H . It

10->

HI

[E7 . [z7-> <XI , Iz] .

e . g

s &
1003 #-> It7 10).



This is because Uge'S ,
PEVs

,

(UIP)) = UgID> = ht(k(P)

so if a stabilizes (P,

light stabizes U/ * >.

* Side note .

this is an example of
↑

a group G'acting
on a set X .

e . x =X

9 .. /92 :x) = (9 ,* 92) · X .

so for ges .

n . g = Ught.

* Since gtG(n) ,

it would be nice if

Ught -GLn). Unfortunately,
this is not

Irnein general,OnlytheSo-call
"Cliohe



*Some useful identifies.

HoX=Z Sox = Y CX .

(X*1) = XQX

CX · (IQX) = IQX .

Hoz= X Soz
= ZI

(Sox = SXSt) .

I
CX . (EI) = z *I .

(X . (I * 7) = * Z

Thm : Let C : < H , S , CX)

↑ DEC , PEGLn) ,
we have D . PEG(a)

Thm : More surprisingly , for any group K,

if FDEK , pea(n) ,
DoP EGLn),

then K = <H , s ,
CX]. .

* Measurement.

Projective measurement
.

Let M be hermitian
.

M =I miPi ,
where M(P,

(P) = miP, (0)

If i

if it) (m is an eigenvalue of M) .
PiPj = 0



M

/

then

"measure & in M-basis ,

"
means.

applying one of the Pi to
4.

the probability of getting the result
-

w

mi is plmi) = (P/PiIP). S

The average
value of the measurement is :

ECM) = I p(mi)
· Mi

=<P/Pi/P)
· mi

= < / [miPi/P>
L

= <#MID) ,

* So when people say
"measure of 8-Glus".

they mean gis hermitian
and they do

projective measurement of g.



*Eun fact.
p if ge Glas is a product of Paulis

without - 1 or 11 .

then

9 has only 2 eigenvalues , they
are 11.

and g = (g) -EL

g(E19(3) : e

·

q((4)) = - =9

Note that [Ei9) · LES
1.

.

·I (

I - 9+g
-

+ 9 - 9 . 9
=

=
1

= 0.

4
I-q

so
It9 and - are orthogonal.-

I
I



* If the stabilizer s of pis

< g, ,
... gn).

and g
is hermition,

then measure on g
basis.

will result in the following
two cases.

D.Suppose of
commute with 9 .... 92.

In this case .
either gor-gES .

because Xl4 >
<Vs ==< 143)

9i(g(7) = (9 :9)(4) =99 4)

= g(9i(4)) = gl4). Ugi

So glo EVs.

=> glY) = a
/4) aED

14) = 99/4) = g(al4)) = a glo) = a l4>

=> a= 1 = a = 11
.

L

So either gor-gtS.



· If gES., i. e. glo= /47
.

then (3) = 147 .

I - q
(4) = 0 .

-

So ·-
measurement always
+ I result. and

return

the state (C) is unchanged
after the measurement

!

If-gES ,

i . e. gll) = -147
.

then #914)=
= 10) = 197 .

Z

so g-measurement alway return -1

and 147 is unchanged.



② if g anti-commutes with

91. Note that ifa also anti-commutes

with 92 ,

We can set

S = 191 , 8192 , 93,
: 9R7 = 18 ,

1929m)

and 9, 92
commutes with g

So Without loss of generality ,

we can

assume of only anti-commutes with 9 .

p(+ 1) = (4)=9(3)

1 + <119(4)
--

1 - <e1g14)

PC- 1) =<y 1914)=
<41g/k) = <4199 , 14)

= - (4/9), 914)
(g ,gi)

= - <419(7)

=> <41g/4) = 0 .



So with
I

,
we get +f-

z

and the resulting
state g (4)

Will gi(#9)(2) =
&1999

I qi +99i(17-

2

= 9 gie

and g (Etg"EigIla2
So Elys is stabilized by

< g , 82 ,

--- 9k)

similarly ,
with i , the resulting state

is stabilized by(-9
, 92 .... 90.


