
* Monoid .

Let X be a set , a monoid

is a tuple (X , e ,
* ) such that

·

eEX
.

*: XXX - X .

and
called unit
-

VaeX .

axe = exa = a
.

Lasso) Fab , ceX ,

(a* bl* = a* (b* C)

* Examples of Monoid
.

CN · 1 , x) ,

(N , 0 , +)

(Y=Y
, idy , 0)

↳

where Y= 4 = If : % + 43
* Monoid homomorphism (X .

C .* ) -> (X,e*)

fix -> Y .
function st . fleb-e
VabeX , flaxb) = flat*f(b)



* Note that the unit in a

monoid is unique.

Claim : Let (X
,
*, 2) be a

monoid.

if JbEX Sit .
Vaex ab=ba

=a

then be.

Pf . b *-e by
assumption

be = b by property of
e.

50 e = b. QE , D
.

* Note : In monoid homomorphism,
8

h(axb) = h(a) +
" h(b) =)h(e) =

e

Even though h (a * e)
= U(a) * h(e)

-
u(a) ·

= h(a) = u(a) * h(e)
va +X .

but it does not imply VbEX' ,

b * U(e) = b . Chisno



* Category
A category I consist of the following.

D A collection/Set of "objects" obj(C) .

② A , BE objCE) ,

a set

of "morphisms" Home(A . B) .

for feHome (A , B) , we often write

f : A-> B.
for a morphism

.

(composition)

③ If : At B , g : B
+ C.

I gof : At C

moreover.

Vh : -D.

Lassoc holgof) = chog) of

① VAE obj(E) .

- ida : A + A s .
+

.

Vf : A + B .
foida f



and F g : -> A.

idog = g.

* Examples

D Set objects are sets.

Xe Set

morphisms are functions·

fix -> Y .

compositions are given by

function composition.

D
. Bel objects are sets.

morphisms are relations-

fe Hommel (A ,
B) if fEAXB.

we denote f as f : A + B.



V f : A + B,

g : B+ C,

we define gof : At C as

= E(a , c))aGA ,

CeC
,
EbeBS

(a , b)Ef,
2b , c) Eg 3.

ida = &(a , a)(a =A3.

B . Let I be a category with
a

single object X.

Then (Home(X , X) , 0
,
idx)

is a monoid.

-
category of monoids.monoids

,

⑰ Mon objects are
monoid

morphisms areI

homomorphism.



-

* Functor. F : 2
->
I

.

C ,
D are categories.

DV object At 1,

FA E obj(Q).

DF f : A + B morphism in
C

.

Ef : FA
- FB .

a morphism
in D.

B
.

Fida= idea

F(fog) = Efo Fg.


