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Motivations

Church-encoded data for dependent type?

» Inefficient to retrieve subdata

» Can not prove 0 # 1
A Normalization Proof for an Impredicative Type System
with Large Elimination over Integers, B. Werner

» Induction principle is not derivable
Metamathematical investigations of a calculus of
constructions, T. Coquand
Induction Is Not Derivable in Second Order Dependent
Type Theory, H. Geuvers



Church Encoding: Inefficiency

Church numerals

(:) = A8.A2.2, S i= AnAs Az.s (n s 2)

3 :=As.Az5 (s (s 2)

Linear time predecessor for Church numerals
pred n :=fst (n (A\p.(snd p, S (snd p))) (0,0))
Parigot numerals

0:=As.Az2.2,S 1= A As. Azs N (ns2)

3 = As.Az.52(s 1(s 0 2))

Constant time Parigot predessesor

pred, n:=n (Ax.\y.x) 0

v

v

v

v
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Church Encoding: Underivability of 0 £ 1

» Calculus of Construction(CC)

X=4y = VC:A—=>*Cx—Cy
1L = VX :xX
O=Nagtl > L = (WVC:Nat—-*C0—C1)—VX:%X
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» Calculus of Construction(CC)

X=4y = VC:A—=>*Cx—Cy
1L = VX :xX
O=Nagtl > L = (WVC:Nat—-*C0—Cl)—VX:%xX

» 0 =nat 1| — L is underivable
> e t:0 #nat 1 implies br, 7] 2 |0 #nat 1]
» |0 =Nat | = L|:=VC.(C— C) > VXXIinF,
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Church Encoding: Underivability of 0 # 1

v

Calculus of Construction(CC)

X=4Y = VC:A—-*xCx—Cy
4 = VA:xIIx:Ally:Ax=4y
O=Nagtl = L := (VC:Nat—=*C0—Cl)

— (VA : xIx: Ally: Ax =4 y)

v

1 is uninhabited in CC
0=Nat | = L isderivable in CC

0=Nat 1l = L|:=VC.(C—C)—>VA(A—-A—-VX.(X—
X)) inF,

v

v
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Church Encoding: Induction Principle

» Induction in CC
VP : Nat — .(Vy : Nat.(Py — P(Sy))) — P 0 — ILx : Nat.P x
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Church Encoding: Induction Principle

» Induction in CC
VP : Nat — .(Vy : Nat.(Py — P(Sy))) — P 0 — ILx : Nat.P x

» Underivability

P:Nat — x,z; : Vy: Nat.Py — P(Sy),z2: PO, x: Nat+ {?} : Px
» Observation

.k z1 22 : P (S0)

.. Fz1(z1 22) : P (SS0)

. Fz1(z1(z1 22)) : P (SSS0)

» Self Type: wx.F

. I'bzt:|t/x|F
'kt:wx.F selfinst [t/x]

Lt [t/x]F Lkt F selfGen
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Church Encoding: Induction Principle

» Induction in CC B
VP : Nat — =.(Vy : Nat.(Py — P(Sy))) — P 0 — IIx: Nat.P x

» Underivability B

P:Nat — x,z; : Vy: Nat.Py — P(Sy),z2: PO, x: Nat+ {?} : Px
» Observation

.. z120: P (S0) )

. Fz(ziz2) 1 P(SSO)

. Fzi(zi(z1 22)) : P (SSSO)
» Self Type: wx.F

m selflnst m selfGen

» Positive recursive type definition and implicit preduct

Nat :=

1x VP: Nat — *.(Vy: Nat.(Py — P(Sy))) - P0— Px



Church Encoding: Induction Principle

>

Induction in CC B
VP : Nat — =.(Vy : Nat.(Py — P(Sy))) — P 0 — IIx: Nat.P x

Underivability

P:Nat — x,z; : Vy: Nat.Py — P(Sy),z2: PO, x: Nat+ {?} : Px
Observation

.. z120: P (S0)

.. Fz1(z1 22) : P (SS0)

. Fz1(z1(z1 22)) : P (SSS0)

Self Type: wx.F
I'kt:w.F Lt t/x]F
7F F. [t/x]F selfinst W selfGen

Positive recursive type definition and implicit preduct

Nat :=

1x VP: Nat — *.(Vy: Nat.(Py — P(Sy))) - P0— Px
Induction now is derivable

ind := As.\z. n.ns z



System S: Formulation

Tox:wxTHT: %
'k wT:

I'bit:w.T
Lkt [t/x]T

TrFt:IIx:TWT, TFHY:T

Dhe:[t/x]T TEuwT:x

'kt:w.T

Fox:TWkt:T, THETy: %

I'bEXxt:1Ix:T1.7,

I'Fet:Vx:T1. T, TH?Y:T

Lk [ /x]T,

Lox:TyFt: T THETy: %

Lk [f/xX|T,

x ¢ FV(1)

Et:Vx:T\.T,

I'be:T) THFLET,

I'ETy: %

I'kt: T,
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System S: Parigot Numerals

> Let p, be
(Nat: %) — wxVC:Nat — *.(Iln:Nat.Cn— C(Sn)) - C0— Cx
(S: Nat — Nat) — AnAs.Azs n (nsz)

(0 : Nat) — As.\z.z
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System S: Parigot Numerals

> Let p, be

(Nat: %) — wxVC:Nat — *.(Iln:Nat.Cn— C(Sn)) - C0— Cx
(S: Nat — Nat) — AnAs.Azs n (nsz)
(0 : Nat) — As.Az.z

» Check ji, F An.Xs.Az.s n (n s z) : Nat — Nat

wFsn:Cn—C(Sn) ..Fnsz:Cn
n:Nat,s:VC:Nat — *.(Iln: Nat.Cn — C(Sn)),z: COFsn(nsz): C (Sn)
n:Natk As.Az.sn (nsz):VC:Nat — *.(IIn : Nat.Cn — C (Sn)) - C0 — C (Sn)
F As.Az.sn(nsz) : VC : Nat — +.(Iln : Nat.Cn — C (S n)) — C 0 — C(As.Az.sn(nsz))
n:Natt AsAzsn (nsz):wxVC:Nat — %.(Iln: Nat.Cn — C (Sn)) - C0— Cx
tp,n: Nat b+ As.hzsn (ns z) : Nat
Note: n: VC: Nat — «.(Iln: Nat.Cn — C (Sn)) = C0—Cn




System S: Strong Normalization

» Erasure from S to F,, with positive definitions. T' - T > A".

F)=r (X:k)el T HEHT>Tf
I'FX>X" ' wx.T>Ty

DT T" I-TeTy
TEVYx:T.T,>TF ' MTo Ty
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System S: Strong Normalization

» Erasure from S to F,, with positive definitions. T' - T > A".

F)=r (X:k)el T HEHT>Tf

I'FXb>X"F ' wx.T>Ty
DT T" PET>TF
TEVYx:T.T,>TF ' MTo Ty

» Show SN for F,, with positive type definitions
» Construct complete lattice (p[x], Cx,(),,) from complete
lattice (R,, C,N)
where
pl] =R,
plr = '] :={f | Va € p[s].f(a) € p[+']}
» Least fix point exists for b — p[T"] ;1 x+) With b € p[K]
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System S: Subject Reduction

v

View typing as a form of reduction. e.g. «x.T —, [t/x]T.
—, commutes with — g, thus —, 5 is confluent.

Adapt Barendregt’s subject reduction proof of A2 to handle
implicit product and type level equality.

If TLx : T,. T, =p Ilx : T{Té, then T, =r T{, T> =r Té

v

v

v
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Summary

v

0 # 1 is provable with a change of notion of contradiction.
Introduce Self type to derive induction principle.
Devised a type system called S.

We prove S is convergent(at term level) and type
preserving.

Extended version is available from both author’s website.

v

v

v

v
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