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CHAPTER 1

INTRODUCTION

Lambda encodings (such as Church encoding, Scott encoding and Parigot
encoding) are methods to represent data in lambda calculus. Curry-Howard corre-
spondence relates the formulas and proofs in intuitionistic logics to the types and
programs in typed functional programming languages. Roughly speaking, Type the-
ory (Intuitionistic Type Theory) formulates the intuitionistic logic in the style of typed
functional programming language. This dissertation investigates the mechanisms to
support lambda encodings in type theory. Type theory, for example, Calculus of
Constructions (CC) does not directly support inductive data because the induction
principle for the inductive data is proven to be not derivable. Thus inductive data
together with inductive principle are added as primitive to CC, leading to several
nontrivial extensions, e.g. Calculus of Inductive Constructions. In this dissertation,
we explore alternatives to incorporate inductive data in type theory. We propose to
consider adding an abstraction construct to the intuitionistic type to support lambda-
encoded data, while still be able to derive the corresponding induction principle. The
main benefit of this approach is that we obtain relatively simple systems, which are

easier to analyze and implement.

1.1 Motivation
Inductively defined data type (inductive data), together with the pattern match-

ing mechanism, are commonly used in theorem proving and functional programming.



Most typed functional programming languages and theorem provers (Haskell, OCaml,
Agda [8], Coq [49], TRELLYS [30], [10]) support them as primitives. Usually, the
concepts of inductive data and program are separated, one can only perform pattern
matching on inductive data. In lambda calculus however, there are no distinctions
between program and data. For example, for Church numeral 2, it can be used as
a higher order function that takes in a function f and a data b as arguments, then
applying f to b twice.

From the programming language design perspective, inductive datatype and
pattern matching increase the complexity of desgin, analysis and implementation of
the language. For example, the pattern matching case-expression is considered the
most complicated part of the Haskell core language . Despite this complication,
there are two main reasons that the language designers choose primitive data type

over lambda encoding.

1. Defining function by recursion seems more natural compare to defining function
by iteration. For example, defining subdata accessor with pattern matching is
almost trivial while it is a challenging programming task for Church encoding

scheme [12].

2. Primitive data type and pattern matching fit well with Hindley-Milner poly-
morphic type inference ([28], [35]), which is a key component for most static

typed functional languages. With Scott encoding and Parigot encoding scheme,

'http://hackage.haskell.org/trac/ghc/wiki/Commentary/Compiler/CoreSynType
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it is not clear how to directly achieve decidable type inference.

We counter the first reason with Scott encoding scheme. It is well know that
primitive data type and pattern matching can be reduced to Scott encoded data and
recursive definitions in a direct way ([37], [16]) and subdata accessor can be defined
easily with Scott encoding using recursion. For the second reason, we can use a surface
language for type inference while use lambda calculus with recursive definitions as
the untyped core language. Since type inference/checking never interfere with the
actual execution of the program, it only affects how the program is written, once a
program is accepted by the type checker, we can translate it to lambda calculus and
execute it. So we think that the primitive data and pattern matching in a functional
language can be reasonably reduced to lambda calculus with Scott encoding, which
simplifies the execution model for the language. We implement these ideas in Gottlob
(see Chapter 7), which empirically shows that these ideas are reasonable.

If one wants to design an interactive theorem prover based on intuitionistic
type theory a la Martin-Lof [33], then it is desirable to interpret the inhabitant of the
type D — D as a total function on inductive datatype D. This is hard to achieve
with Scott encoding, since each Scott-encoded data contains a piece of its subdata,
one would need recursive type definition to type these data and operations. It is well
known every type is inhabited once we admit unrestrictive recursive type definition?.
Church encoding may be more suitable for the intuitionistic typing, it is already

typable in System F'. Besides the efficiency issue we mentioned before, there are three

2Certain restrictions are possible to retain totality, see [40], [43] and [34].



problems that prevent Church encoding from being adopted in interactive theorem

provers based on intuitionistic types.

1. One can not construct a proof of 0 # 1 with Church encoding [51].

2. Induction principle is not derivable in extensions of System F such as Calculus

of Construcitons (CC) [20].

3. Computing type from data is not possible with Church encoding.

For the first problem, we propose to change the notion of contradiction, and
we show how to prove 0 # 1 with this new notion of contradiction. For the second
problem, we propose a new type construct called self types to derive induction princi-
ple. We will cover these two topics in depth in Chapter 5. For the third problem, we
think it is a fundamental problem for Church encoding in intuitionistic type theory
due to the Girard’s paradox [24]: in order to compute type from Church numerals,
we would need to impredicative polymorhism at kind level, which is known to be
inconsistent. One common practice to avoid this kind of problem is adopting infinite
predicative hierarchy, which is beyond the scope of this dissertation.

The dissertation first describes fundamental concepts (Chapter 2) such as
lambda encodings, abstract rewrite system and confluence. Then we discuss the
confluence problem for lambda-mu calculus (Chapter 3). In Chapter 4, we show a
limited way to construct expressive type theory based on the notion of internalization.
System S is presented in Chapter 5, we introduce self type construct and use it to

derive induction principle. Metatheorems such as consistency and type preservation



are proved. In Chapter 6, System & is presented, which is based on interpreting the
iota-binder as set abstraction. Unlike System S, & does not require recursive defini-
tion to describe induction principle, this simplifies the meta-theoretic property of &.
We show that & is consistent and we demonstrate some applications and some special
properties of &. Finally, Chapter 7 discusses the design and implemented features of
Gottlob. The logic of Gottlob is an extension of &. Future improvements of Gottlob

are also discussed.



CHAPTER 2

PRELIMINARIES

In this Chapter, we first introduce abstract reduction system. Then, we re-
view three lambda encoding schemes, namely, Church encoding, Scott encoding and
Parigot encoding. Finally, we discuss the confluence property, which is a key property
for abstract reduction system, including lambda calculus.

2.1 Abstract Reduction System
Definition 1. An abstract reduction system R is a tuple (A,{—}iez), where A is a

set and —; is a binary relation(called reduction) on A indexed by a finite nonempty

set L.

In an abstract reduction system R, we write a —; b if a,b € A satisfy the
relation —;. For convenient, —; denotes a subset of A x A such that (a,b) €—; if

a —»; b.

Definition 2. Given abstract reduction system (A,{—;}iez), the reflezive transitive

closure of —; is written as —; or —;, is defined by:
e m —»; M.
e m —»; n if m—n.
e m —; Lifm—;n,n—l

Definition 3. Given abstract reduction system (A, {—;}iez), the convertibility rela-

tion =; is defined as the equivalence relation generated by —;:



e m=;n if m—»;n.

e n=,mifm=;n.

e m=;lifm=;nn=;l.

Definition 4. We say a is reducible if there is a b such that a —; b. So a is in
1-normal form if and only if a is not reducible. We say b is a normal form of a with
respect to —; if a —; b and b is not reducible. a and b are joinable if there is ¢ such
that a —; ¢ and b —; c. An abstract reduction system is strongly normalizing if there

are no infinite reduction path.

2.2 Lambda Encodings
We use x,v, z,8,n, X1, Ta, ... to denote individual variable, ¢,t', a, b, t1,ts, ... to
denote term, = to denote syntactic equality. [t'/x]t to denote substituting the variable

x in t for ¢'. The syntax and reduction for lambda calculus is given as following.

Definition 5 (Lambda Calculus).
Termt == x| et |tt

Reduction (Ax.t)t' —5 [t'/x]t

For example, (Az.z z)(Ax.x x), A\y.y are concrete terms in lambda calculus.
For a term Ax.t, we call A the binder, x is binded , called bind variable. If a variable
is not binded, we say it is a free variable. We will treat terms up to a-equivalence,
meaning, for any term ¢, one can always rename the binded variables in t. So for
example, \z.x x is the same as A\y.y y, and Ax.\y.x y is the same as Az \z.z z.

Az y.x y)(Az.2)z1) =5 (Ax.Ay.x y)z1 =5 Ay.z; y is a valid reduction sequence in




lambda calculus. Note that for reader’s convenient we underline the part we are going
to carry out the reduction(we will not do this again) and we call the underline term

redezr. For a comprehensive introducton on lambda calculus, we refer to [5].

2.2.1 Church Encoding
Definition 6 (Church Numeral).
0 = As.\z.z

S = An.As.Az.s(n s 2)

Sol =S50 = (MAs.Az.s(n s 2))(As.Az2.2) =5 As.Az.s((As.Az.2)s 2) =
As.Az.s z. Note that the last part of above reductions occur underneath the lambda
abstractions. Similarly 2 :=S (S 0) =} As.A\z.5 s 2.

Informally, we can interpret lambda term as both data and function, so instead
of thinking Church numeral 2 as data, one can think of it as a higher order function
h, which take in a function f and a data a as arguments, then apply the function
f to a two times. We define iterator It n ft =n ft. Solt 0 ft =5t and
It (Su) ft=p f(ltu ft). Then we can use iterator to define Plus n m :=1It n S m.

2.2.2  Scott Encoding
Definition 7 (Scott Numeral).
0 :=As.\z2.2

S (= \n.As. \z.sn

We can see 1 := As.Az.(s 0), 2 = As.Az.(s 1). We are going to de-

fine a notion of recursor. We first give a version of the fiz point operator Fix :=



AM.Ax.f (x z))(Ax.f (z x)). The reason it is called fix point operator is when it
applied to a lambda expression, it give a fix point of that lambda expression(recall
informally each lambda expression is both data and function). So

Fixg =5 (Ar.g (z x))(Ar.g (x x)) =5 g((Ar.g (z x)) (Ar.g (x 7)) =35 g (Fixg).
Now we can define recursor: Rec := Fix Ar.AnAf v (Am.f (rm fv) m) v. We
get Rec 0 f v—gv and Rec (S n) f v—3f (Recn f v) n. In a similar fashion, one can
define Plus n m := Rec n (Ax.\y.S z) m.

The predecessor function can be easily defined as Pred n := Rec n (Az.\y.y) 0.
It only takes constant time (w.r.t. the number of beta reduction steps) to calculate
the predessesor. But this function is tricky to define with Church encoding, one need
to first define recursor with iterator, then use recursor to define Pred. To calculate
Pred n with Church encoding, one has to perform at least n steps, so it takes linear
time [24].

2.2.3 Parigot Encoding

Definition 8 (Parigot Numeral).
0 :=As.A\z.z

S :=AnAsAz.sn (ns z)

Parigot encoding can be seen as a mixture of Church and Scott encoding, each
data contains its own subdata and it support a form of iteration similar to Church
encoding. For example, we can define Pred n := n (Az.A\y.y) 0 and Plus n m :=
n (Az.S) m. We do not need full recursion to compute with Parigot numerals and we

can retrieve subdata in constant time.
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2.3 Confluence

Definition 9. Given an abstract reduction system (A, {—;}iez), let — denote ;o1 —,

let = denote the equivalence relation generated by —.

e Confluence: For any a,b,c € A, if a — b and a — ¢, then there exist d € A

such that b — d and ¢ — d.

e Church-Rosser: For any a,b € A, if a = b, then there is a ¢ € A such that

a—candb— c.

The two properties above can be expressed by following diagrams:

Lemma 1. An abstract reduction system R is confluent iff it is Church-Rosser.

Proof. Assume the same notation as defintion 9.

“<”: Assume R is Church-Rosser. For any a,b,c € A, if a — b and a — ¢,
then this means b = ¢. By Church-Rosser, there is a d € A, such that b — d and
c—»d.

“=": Assume R is Confluent. For any a,b € A, if a = b, then we show there
is a ¢ € A such that a — ¢ and b — ¢ by induction on the generation of a = b:

If a - b= a=0>, then let ¢ be b.

If b= a = a = b, by induction, there is a ¢ such that b — ¢ and a — c.
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If a =d,d=0b= a = b, by induction there is a ¢; such that a - ¢; and
d — cy; there is a ¢y such that d — ¢y and b — ¢3. So now we get d — ¢; and
d — ¢, by confluence, we have a ¢ such that ¢; = ¢ and ¢ — ¢. So a = ¢; = ¢ and

b — co — c¢. This process is illustrated by the following diagram:

O

The definition of = depends on —, the definition of — depends on —, conflu-
ence is often easier to prove compare to Church-Rosser, in the sense that it is easier

to anaylze — compare to =. Now let us see some consequences of confluence.

Corollary 1. If R is confluent, then every element in A has at most one normal

form.

Proof. Assume a € A, b, c are two diferent normal forms for a. So we have a — b
and a — ¢, by confluence, there exist a d such that b — d and ¢ — d. But b, c are
normal form, this implies b and ¢ are the same as d, which contradicts that they are

two different normal form. O]

Definition 10. For an abstract reduction system R, it is trivial if for any a,b € A,

a=b.

Corollary 2. If R is confluent and there are at least two different normal forms,

then R is not trivial.
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2.4 Tait-Martin Lof’s Method
We want to show lambda calculus as an abstract reduction system is confluent.
We present a method of proving confluence in abstract reduction system, which is
due to W. Tait and P. Martin-Lof(reported in [5]). Then we show how we can apply

this method to show lambda calculus is confluent.

Definition 11 (Diamond Property). Given an abstract reduction system (A,{—;
}iez), it has diamond property if:
For any a,b,c € A, if a — b and a — ¢, then there exist d € A such that

b—dandc—d.

Lemma 2. If R has diamond property, then it is confluent.

Proof. By simple diagam chasing suggested below:

a
C1 Co
/ o ” \
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Lemma 3. If exist some —;, -C—;C— and —; satisfies diamond property, then

— is confluent.

Proof. Since -C—,;C— implies »C —»; C —, so —»;= —. And the diamond prop-

erty of —; implies —; is confluence, thus implies the confluence of —. O

Sometimes — may not satisfy diamond property, then one can look for the
possibility to construct an intermediate reduction —; such that it has diamond prop-
erty. That is exactly what we will do for lambda calculus. Beta reduction itself
does not satsify diamond property, for example, (Az.((Au.u) v) ((Ay.y y) 2) —3
(Az.((Au.u) v)) (2 z) and (Az.((Au.w) v) ((A\y.y y) 2) —p (Au.u) v. And one can not
join (Aw.w) v and (Az.((Aw.u) v)) (z 2z) in one step. But one can see they are still

joinable, but not joinable in one step. This leads to the notion of parallel reduciton.

Definition 12 (Parallel Reduction).

t =3 t i =3 tll toy =3 t/2 t1 =3 tll to =3 t/2
t=5t Aot=gaat bty =gt \a.t1)ts =5 [th/]t)]

Intuitively, parallel reduction allows us to contract many beta redex(or not
contracting at all) in one step, under this notion of one step reduction, we can obtain

diamond property for = 4.
Lemma 4. Ift; =5t} and ty =4 t), then [ta/x]t1 =5 [th/x]t].
Proof. By induction on the derivation of t; =5 t|. We will not prove this here. [

Lemma 5. =3 satisfies diamond property.
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Proof. Assume t =3 t; and t =3 t3, we need to show there exists a t3 such that

t1 =5 t3 and ty =5 t3. We prove this by induction on the derivation of ¢t =3 ¢;.

o Case: t =3t

Simply let t3 be t.

t =3 t"’
o Case: \z.t' =45 Azt

In this case ¢ is of the form Az.t', where t' =5 t"; t; is of the form Ax.t". t; must

be of the form Az.t”, where ¢’ =3 t"". Thus by induction, we have a t} such that

t" =5ty and t" =5 t;. Thus let t3 be Ax.t;, we get t1 = A\t =5 \v.ty = t3

and t, = \x.t"” =5 \v.th = t5.

14 =3 til ts =3 t/5
o Case: (A\x.ty)ts =5 [t)/x]th

In this case t is of the form (Az.t4)t5, ¢; is of the form [t /z|t), t4 =5 t) and

ts =5 ti.

If 5 is of the form (Az.t})t?, where t, =5t} and t; =5t . Thus by induction,

we have a tg such that t7 =53 t and t; =4 t. And same by induction, there

is a t7 such that t} =5 t; and ¢}, =5 t;. Thus let t3 be [tg/z|t;, we get

ty = [t5/x]t) =5 [te/x]tr = t3(by lemma 4) and to = (Ax.t))th =5 [te/x]tr = ts.

If t5 is of the form [t7/x]t}], where ty =5 t} and t; =3 tf . Thus by induction,

we have a tg such that t7 =4 ts and t5 =53 ts. And same by induction, there is

a t7 such that tj =5 t; and t) =5 t;. Thus let t3 be [ts/z]t7, by lemma 4, we

get t1 = [th/x]t) =5 [te/x]t; = t3 and ty = [tL /2|t =5 [te/x]t: = ts.
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ty =3 ti; ts =3 t%
e Case: tats =p tyts

Similar to the arguments above.

O
Lemma 6. —3C=3C—3.
Theorem 1. — 3 reduction is confluent.
Proof. By lemma 3, lemma 5 and lemma 6. O

2.5 Hardin’s Interpretation Method
Sometimes it is inevitable to deal with reduction systems that contains more
than one reduction, for example, (A, {—3, —,}). Confluence problem for this kind
of system require some nontrivial efforts to prove. Hardin’s interpretion method [25]

provide a way to deal with some of those reduction systems.

Lemma 7 (Interpretation lemma). Let — be —1 U —o, —1 being confluent and
strongly mnormalizing. We denote by v(a) the —1-normal form of a. Suppose that

there is some relation —; on —1 normal forms satisfying:

—:C—, and a —o b implies v(a)—;v(b) (1)

Then the confluence of —; implies the confluence of —.

Proof. So suppose —; is confluent. If a—a’ and a—da”. So by (1), v(a)—v(a)

and v(a)—;v(a”). Notice that t—7t" implies v(t) = v(t')(By confluence and strong
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normalizing of —1). By confluence of —;, there exists b such that v(a’)—;b and
v(a")—;b. Since —;, —1C—, we got a'—»v(a’)—b and a”"—v(a”)—b. Hence — is

confluent.

a
I
I
I
I
:
I
1*
» v oy
a’ v(a) a”
N . \/ N s N L2 ,\/ , ’
) \‘4 }’/ \ \A* }’/ ’
v(a') v(a")
\\\2 .(\)///
\AA b”/

]

Hardin’s method reduce the confluence problem of —; U —4 to —;, given the
confluence and strong normalizing of —, this make it possible to apply Tait-Martin-

Lof’s method to prove confluence of —;.
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CHAPTER 3

CONFLUENCE OF LAMBDA-MU CALCULUS

In this Chapter, we will investigate the confluence problem of extending lambda
calculus with local definitions, we called it Au calculus, the p represents the usual let-
rec binding availables in functional programming languages. It is desirable to know
the confluence property of Au since it may be needed to prove type preservation for
the type systems based on Ap and it implies the equality reasoning is consistent. We
give the formulation of Ay first (Section 3.1). We discuss why traditional approaches
to confluence fail on Ay in Section 3.2. Finally, we show how to use interpretation
method to prove the confluence for a restrictive version of Ap calculus (we called it

local lambda-mu calculus) in Section 3.3.

3.1 Lambda-Mu Calculus
Definition 13 (Syntax).
Termst == x| vt | tt' | pt

Local Definitions/Closures i = {x; — t; }ier

Definition 14 (Free Variables).
FV(z) = x.

FV(Az.t) == FV(t) /.

FV(t #) == FV(t) UFV(t)

FV(ut) := (FV(t) — dom(p)) UFV(u)

FV({z; = titier) = (Uier FV(t:)) — {@itier
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Definition 15 (Beta-Reductions).

(l'i — ti) Eu t —B t t —8 "
Az t)t —p [t'/x]t po, =5 pt; Axdt —p Attt —g t"t

t —8 t’ t—p t H—p3 u’
tt —gtt” t —g put’ ut —g5 W't
B H B B

Note that y —p5 g is a shorthand for there is exactly one z; — t; € p and

ti = t;, and ' is same as p except x; — t; € y/. Similarly, we have shorthand for

o=y

Definition 16 (Mu-Reductions). |t —, t/

dom () #FV(¢)
pit =yt p(Azt) = Aw.pt - p(tats) =y (pty)(ptz)
t—=, t t =, t t—, t"
Aot —, Azttt —, bt tt —, "t
t—, =y 1
pt =, it pt =, 't

Mutual substitutions within the local definition is not possible in Au, because
of Ariola and Klop [4]’s non-confluence example:

{6 = My.a(Sy), a = Az.0(Sz) o — {0 — Ay.6S(Sy), a — Az.0(Sx) o

{6 = M\y.a(Sy), a = Az.0(Sz) e — {0 — Ay.«(Sy), a — Az.aS(Sx) }a.

It seems natural to allow mutual substitutions. We consider mutal substitu-
tions overly eager. Because in the above non-confluence example, only « is being
used, namely, occurs in the body. So there is no need to reduce the « in the definiens

of the ¢ if one is “lazy” enough.
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Another possible formulation of mu-reduction is (ut ut’) — p(t t') instead of
pushing u inside of a term as we do. The potential drawback is in the case where
(u(Ax.t))t', where there is no p inside ¢, it is now a stuck term. One could add
another rule to repair this situation: (u(Az.t))t" — p([t’/z]t). Then one would need

another rule to deal with the case where (popu;(Az.1))t" etc.

3.2 A Fail Attempt to Prove Confluence of Lambda-Mu Calculus

We want to point out that directly applying Tait-Martin Lof’s method (Section
2.4, Chapter 2) will not work for lambda-mu calculus. For example, let = be a direct
parallelization of —3 and —,. Then

w((Ar.x) t) = p't', where p = /'t =t

w((Az.x) t) = (@/(Ax.x)) ('t), where p = .

We can not bring back (¢/(Ax.z)) (1't) and p't’ in one = step. Thus the = does not
have the diamond property.

Since we know that the —, reduction is convergent, then we would hope to use
Hardin’s interpretation lemma to reduce the confluence proof of =3 U —, to —3,,
which is a reduction defined on mu-normal term, and then apply Tait-Martin Lof’s
method to show confluence of —5,. We fail on the second step, namely, applying Tait-
Martin Lof’s method to show confluence of —4,. We will introduce several definitions

before we discuss the reason we fail.
Lemma 8. —, is strongly normalizing and confluent.

Proof. The number of p-redex is decreasing by the —,-reduction. We can use local

confluence to prove confluence. O
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Definition 17 (u-Normal Forms).
Normal Termn == z | pr; | Ax.n | n n', where x; € dom(p;).

Normal Local Definitions p ::= {x; = n;}icz

We use jit to denote py...u,t, pt denote py...p,t.

Definition 18 (u-Normalize Funciton). We define function v that maps a term to

its p-normal form.

=
I
S
N

Ay.t) = Ay.v(t)

fiy) =y ify & dom(ji).

f(t) = (it i)
=) = (), v(p).

T

2
fiy) = V(ﬂ) if y € dom(p;).

( (
VEtlt ) = v(ty)v(ts) IJE
(L(Az.t)) = Ax.w(t). v(z

Definition 19 (5 Reduction on p-normal Forms). |n —4, n’/

n—gt n—g, n' =g, n” n—pg, n'

n =g, v(t) Ar.n =g, Azn’ nn' =g, nn" nn' =g, 0" 0
Intuitively, — 4, first —3 reduce a term and then apply the v function to the

contractum.

Definition 20 (Parallelization). |n =g, n’

(mi — TZZ) € Pi n1 =38u nll N2 = pu n,2
S I )z = ([ /2]n)
n =z, " n =g, n" n=g,n" 0 =pu
Ax.n =g, Av.n/ nn' =g, n" n" px; =y P'T;

Note that p' =g, p7 is a shorthand for for all p;, and for all x; — n; € p;, we

!/ /o : /
have n; =3, n;, and p; is consisted of z; — n;.
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The next step would be to show =4, has diamond property so that we can
conclude the confluence of —3,. However, =3, does not have the diamond property
due to the following counter-example:

Let p denote {x — (Ay.y) z,z — Aq.q}.

{r = (Myy) z, 2= Ag.q} v =5, {v— 2,2 Ag.q} @

{z = (\yy) 2,2 = Mg} @ =5, (Ay-py) (p2).

We can not join (Ay.uy) (nz) and {z — 2,2 — Aq.q} x in one =g, step. So at this
point even though intuitive it seems like lambda-mu calculus is confluent, we have

not found an adequate proof yet.

3.3 Confluence of Local Lambda-Mu Calculus
In this section we are going to prove confluence of a restrictive version of
lambda-mu calculus, namely, local lambda-mu calculus. For local lambda-mu, given
{z; = t;}ient, we require for any 1 < i < n, the set of free variables of ¢;, FV(t;) C
dom(p) = {x1,...,xz,} and we do not allow reduction, definitional substitution, sub-

stitution inside the definitions.

Definition 21 (Beta-Reductions). [t —45 ¢/
(ZL’i)—)ti)GM t_>6t/
Az t)t —p [t'/2]t px; —p pt; Avdt —g At

t —8 t’ t —8 t" t —8 t
tt =5 t"t tt' —p tt" (it — g pt’

Definition 22 (Mu-Reductions). |t —, t/




dom (u)#FV(t)
pt =yt p(Azt) = Azt p(tita) =y (ptn)(ptz)
t—=,t t—, t" t—, t"
Aot —, Avt' ' —, " tt —, "t
t—=, t
pt =, it

Lemma 9. —, is strongly normalizing and confluent.

Definition 23 (u-Normal Forms).

n o= x| px; | Azn | nn
We require z; € dom(u).

Definition 24 (u-Normalize Funciton).
v(z) ==z v(Ay.t) = Ay.v(t)
v(titz) = v(t)v(tz) v(fly) =y ify ¢ dom(f).

v(py) =y if y € dom(py). v(i(tt')) = v(at)v(it)

v(ii(Ax.t)) = Ax.v(jit).

Definition 25 (S Reduction on p-normal Forms).

n—gt n—g, n =g, n' n—pg, n'

n—pg, v(t) Ar.n =g, Azn’ nn' —g, nn” nn’ —g, 00/

Definition 26 (Parallelization).

(x;—=>t;) €Ep Ny =g, Ny Mo =g, N
n=pu pii = py v(pit;) (Az.n1)ng =g, v([my/alns)
n =g, " n =g, 0" n=g,n"
Ax.n =g, Ax.n' nn' =g, n"n"

Lemma 10. %ﬁugiﬂug_ﬁéu-
Lemma 11. If ny =4, nj, then v([no/xny) =g, v([nh/xn,).

Proof. By induction on the structure of n;.

Base Cases: ny = z, n; = px;, Obvious.

22
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Step Case: n; = Ay.n. We have v(\y.[ne/z|n) = \y.v([na/x]n) zgéu Ay.v([nb/z]n)

v(Ay.[nh/x]n).

Step Case: n; = nn'. We have v([ns/z|n[ns/z|n’) = v([na/xn)v([na/zn’) :%u

v([ny/aln)v([ny/xln') = v([ny/zlnlny /z]n).

We use ﬁ to denote zero or more us.
Lemma 12. v(v(t)) = v(t) and v([v(t1)/ylv(ts)) = v([t1/ylt2).

Proof. We only prove the second equality here. We identify ¢, as ;7.1>t’2, where t, does
not contains any closure at head position. We proceed by induction on the structure
of t:
Base Cases: For t, = z, we use v(v(t)) = v(t).
Step Cases: If t, = A\z.t], then

v (I3 (O [t /y]t3)) = Aev (i3 ([t /y1t4)) = A v (s ([0 /y1ty),
where t5 as ;T'gt/z” and t' does not have any closure at head position. Since ¢}

is structurally smaller than A\z.t5, by IH, u(/ﬁﬁg([tl/y]t’z”)) = V([tl/y](ﬁl)ﬁgtg’)) =

v([v(ty) ylv(it (\e.£5)))

For t, = t,t,, we can argue similarly as above.

Lemma 13. If ny =g, n} and ny =5, nh, then v([ny/xIng) =5, v([nhH/xnt).
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Proof. We prove this by induction on the derivation of ny =4, n}.

e Base Case: n =3, n

By the lemma 11.

Ti—1; €W
e Base Case: uz; =5, v(ut;)

Because y ¢ FV(ux;) and p is local.

/ /
Na = Bu Mg Mo = Bu Ty

e Step Case: (A\x.ng)ny, =4, v([n,/z|ny)
We have v((Az.[n2/ylna)[na/ylng) = Az.v([na/ylna))v(ne/yln)

L ([ ) [2lv (b /yIng)) = v([nh/y)(Ing/2]n,)). The last equality is
by lemma 12.

n =z, n

e Step Case: \z.n =5, Azv.n’

We have v(Ax.[ny/yln) = Ax.v([ng/yn) :%M Ax.v([ny/yln') = v(Ax.[nb/yln')

! /
Nag = pu Mg Mo = pu Ty

o Step Case:  ngn, =g, n,n,
We have v([na/ylna[ns/ylm) = v([ns/ylna)v([na/yln)
L (bl v /ylng) = v([n /y) (mms).
]

Lemma 14 (Diamond Property). If n =g, n’' and n =3, n", then there exist n"”

"

such that n" =g, 0" and n' =4, n". So —p, is confluent.

Proof. By induction on the derivation of n =4, n'.
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e Base Case: n =3, n and pux; =5, v(ut;)

Obvious.

/ /

e Step Case: (Ax.nq)ng =g, v([n}/xns)

Suppose (Azx.nq)ne =5, (Az.nf)n;y, where ny =5, n{ and ny =5, n4y. By lemma
13 and IH, we have v([n}/z]n}) =5, v([n]'/z|ny'). We also have (Az.n{)njy =3,
v([nf"/x]ny'), where nf =5, n{" and n} =3, n{" and nf, =5, ny’ and nh =g, ny’.
Suppose (Ax.nq)ne =g, v([ny/z|ny), where ny =g, n| and ny =4, ny. By
lemma 13 and IH, we have v([n}/z]|n}) =5, v([n]'/z|ny) and v([n]/z|nk) =4,
v([n7'/xlng').

The other cases are either similar to the one above or easy.

[]

One may also use Takahashi’s method [47] to prove the lemma above. We will

not explore that here.
Lemma 15. v(jjt) = v(it) and v(ii([ta/z]|t1)) = v([fita/ ] jity)
Lemma 16. If a —3 b, then v(a) —p, v(b).

Proof. We prove this by induction on the derivation(depth) of a —5 b. We list a few

non-trial cases:

([L’i — tz) cu
e Base Case: pux; —p ut;

We have v(pz;) = px; —a, v(ut;).



26

e Base Case: (\z.t)t' —4 [t'/z]t

We have v((Az.t)t') = Az.v(t))v(t') —p, v([v(t)/z]v(t)) = v([t'/x]t).

t —3 t'
e Step Case: \z.t =3 Az.t/

By IH, we have v(Az.t) = \x.v(t) —I>Ié# Az.v(t') = v(dx.t)).

t —B '
o Step Case: ut —4 ut’

We want to show v(ut) —pg, v(ut'). If dom(p)#FV(t), then v(ut) = v(t) —Iféu
v(t') = v(ut’). Of course, here we assume beta-reduction does not introduce

any new variable.

If dom(p) NFV(t) # (), then identify ¢ as /ﬁt” , where t” does not contain any

closure at head position. We do case analyze on the structure of t”:

— Case. " = z; € dom(}) or z; ¢ dom(j}), these cases will not arise.

— Case. t" = M\y.t;, then it must be that ¢ = /T{()xyt’l) where t; —p t].
So we get ,uﬁ{tl —g u;ﬁt’l. By IH(depth of ,u/ﬁtl —3 Mﬁt’l is smaller),
we have V(,u/ﬁtl) — B V(,uﬁ'l)t’l). Thus V(,uﬁ'l)()\y.tl)) = /\y.l/(,uﬁ‘l)tl) — By
Myv(piity) = v(pis (My.t5)).

— Case. t”" = tjty and t/ = ;ﬁ(t’ltg), where t; —3 t}. We have ,u;ﬁtl —3
M/ﬁt’l. By IH(depth of uﬁitl — 5 ,uﬁit’l is smaller), U(Mﬁtl) — 8y y(,uﬁ'l)t’l).
Thus v(ujid (titz)) = v(pjit v (piiits) =g v(pit)v(piits) = v(pil ().

For t" = tyt},, where ty —4 t},, we can argue similarly.

— Case. t" = (\y.t)ts and ¢ = 11 ([t2/y]t1). We have v(ui((A\y.t1)ts)) =
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Ny (jait) v (it ta) = v(v(piiits) /ylv(uith)) = v({uiits/yluint) =

v(ufii[t/y]t:) (lemma 15).

Theorem 2. —5 U —, is confluent.

Proof. We know by diamond property of =g,,, — 3, is confluent. Since —, is strongly
normalizing and confluent, and by lemma 16 and Hardin’s interpretation lemma(lemma

7), we conclude —5 U —, is confluent. O



28

CHAPTER 4

AN ATTEMPT TO EXPRESSIVE TYPE THEORY THROUGH
INTERNALIZATION

This Chapter introduces the concept of internalization structure, which can be
used to incorporate certain relations into F', a variant of system F, while maintaining
termination of the new system. We will call this process of incorporation internaliza-
tion, F™! the base system and the new system after the incorporation the internalized
system. We first specify the syntax, and then the semantics of F via the Tait-
Girard reducibility method (Section 4.2). We then define internalization structure
(Section 4.3). We show that we can obtain a terminating internalized system from
an internalization structure (Section 4.4). As motivating examples, we demonstrate
how our framework can be applied to internalize subtyping, full-beta term equality
and term-type inhabitation relations (Section 4.5). Finally, we discuss some of the

difficulties in Section 4.6.

4.1 Backgrounds
Type systems often incorporate auxiliary judgments in their typing relations.

For example, the subsumption rule for subtyping:

'Ht:T T<:T
Tt T

sub

Likewise, the conversion rule for type-equivalence:
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r=¢:7T7 7=1
Lt T

conv

We propose a framework for incorporating the meta-level relations such as <: and
= as types in the type system, and shows that such extensions yield terminationing
systems under the call-by-name reduction. We call the deduction systems producing
auxiliary judgments metasystems, and refer to the typing rules that modify types
based such metasystem judgments as automatic conversion rules. We will also con-
sider cut-down type systems without automatic conversion rules, which are called base
systems. For instance, the subtyping and the type-equivalence derivation systems are
the metasystems, and rules sub and conv are the automatic conversion rules. We will
discuss an variant of System F, which is the base system for our extensions.

Type structure can be used to reflect metasystem judgments. Indeed this
has been done in several languages: equality sets in Martin-Lof type theory enable
reasoning about equality relations [38]; Sjoberg and Stump’s T7¢ uses types to reflect
call-by-value term equality in the presence of divergence [46], and the AuraConf
language uses proofs of type e isa t to indicate expression e may be cast to type
t [50].

4.2 The Base system F!!

Internalization builds off of base system F', a variant of system F.

Definition 27 (Syntax and Reductions).
Types T == B | X |z :T.T |VX.T

Terms t,u = axiom | x | (t t) | Az.t
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Contexts C == -|Ct
Values v = Ax.t | axiom

Reductions C[(Az.t) t'] ~ C[[t'/x]t]
Note that we use call-by-name reduction strategy.

Definition 28 (Kinding). [I' F OK

I'E OK I'FOK  FVar(T) C dom(T")
-+ OK I X FOK Ix:THOK

FVar(7T) means the set of free type variables and free term variables in type
T. dom(I') means the domain of the context, i.e., e € dom(I") iff e is either a type

variable such that I' = T'y, e,I'5, or a term variable such that I' =1"y,e: T, 5.

Definition 29 (Typing).

Da:Bi bl (0:T)el THOK
' Motz T.T, -initro F'Fa:T ar

Fl_tlil_.[l'ZTl.Tg Fl_tQZTIH i Mv
'k tl tQ : [tg/x]TQ -eum TH¢t: VXT -mntro

I'Ft:vX.T FVar(7T') C dom(I)
't [T/ X]T

V-elim

The differences between F and F! are as follows:

1. F is parametrized by a finite set B of constant types and it contains constant

terms like axiom. Later, we will use axiom to inhabit special types.
2. The notion of value is extended by including constant terms.

3. FM uses dependent product II instead of arrow — as the function type con-

structor anticipating the use of types that mention terms.
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A word about the use of call-by-name reduction is warranted. The main result
of this paper is normalization for systems derived by internalization from the base
system F. Strong normalization does not hold for all such systems, as we show
by example in Section 4.5.1. So (weak) normalization is all that we can obtain.
An interesting result of our investigation into internalization is that normalization
with respect to call-by-name reduction imposes fewer requirements on internalization
structures than with call-by-value reduction. Specifically, the A-abstraction case of
the proof of Theorem 3 goes through more directly using call-by-name reduction; with

call-by-value reduction, dependent typing imposes additional restrictions.

4.2.1 Interpretation of Types in F!!
Reducibility is a well-known technique for proving the normalization of type
systems such as F. In this paper, we use it to interpret F™'’s types. Reducibility will

both provide intuition for F™'’s semantics and yield a normalization result.

Definition 30. A reducibility candidate R is a set of terms that satisfies the following
conditions:

CR 1 Ift € R,thent €V, whereV 1is the set of closed terms that that reduces to a
value.

CR 2IfteRandt~ t', thent € R.

CR 3 Ift is a closed term, t~» t' andt' € R, thent € R.

Definition 31. Let SR be the set of all reducibility candidates. Let TVar be the set of
all type variables. Let ¢ be a finite function with dom(¢) C T'Var and range(¢p) C R.

If dom(¢) = { X1, Xo,...X,,}, then we usually write ¢ as [R1/X1, ... Rn/Xn].
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Definition 32 (Interpretation of Types).

t € [B]y iff t € Rp, where Rp € R.

te[X]e iff t € p(X).

te [z :T1.1a)y iff t €V and (Vu € [Th]y = (t u) € [[u/z]|T3]y).

t e HVX.T]]¢ iff VR € R, t € [[THMR/X}'

Note that constant types B and their interpretations R p are left unspecified;
these may be filled in later. For any [T, let FV(T) be the set of free type variable

in T.we assume FV(T') C dom(¢).

4.2.2 Type Soundness
The theorem below shows that any typable closed term is normalizing, and
can be shown in a standard way using Tait-Girard reducibility (cf. [24]). Several
properties of the interpretation of types are required, which can all be proved by

induction on the structure of types in F',

Lemma 17. [T, € R, in the other words, the interpretation of a type is indeed a
reducibility candidate.

Definition 33. We define the set [I'] of well-typed substitutions (o,0) w.r.t. T as

(0,0) eIl ReR (0,0) €[] teoT]s
0,0) €[] (0,0 U{(X,R)}) €I, X] (o U{(z,t)},0) € [T,x:T]

follows:

Theorem 3 (Type Soundness). If 't : T, then V(o,9) € [I'], (o t) € [oT]s.
4.3 Internalized Structure

An internalization structure is a triple (D, E,Z). Reflective relational sen-

tences D define the syntax of metasystem propositions and identify valid metasystem
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judgments. Elimination relation E defines automatic conversion rules based on judg-
ments from D. Finally, interpretation Z defines semantics for reflective relational
sentences as relations over the sets of terms in the base system. All internalization
structures require that D and E are sound. As a central result of our work, we show
that any sound internalized system constructed from an internalization structure is
guaranteed to be terminating. Internalization is based on internalization structure.
The internalization structure contains the information of how to construct reflective
relational sentences and how these reflective relational sentences interact with the
base system. It also gives the meaning of the reflective relational sentences through
the interpretation of types in the base system. Once we obtain a sound internalization
structure, we can then begin the process of internalization by first incorporating the
reflective relational sentences as types, then add two new typing rules to deal with

these reflective relational sentences.

4.3.1 Reflective Relational Sentence-D
We define the kind of judgments or relations that could be integrated into the
base system. Essentially these are the relations on the terms and types from the base

system.

Definition 34. Let signature ¥ C Symbols x N x N, where Symbols means a set of
relation symbols, and N is the set of natural numbers. R™*™ € ¥ means R € Symbols

and the arity of R is n + m.

Definition 35. A relational sentence on the basic system is a syntactic object of form

RO (ty o, Ty, ..., T), where t,T are defined in F* and R™™ € 3.
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Definition 36. Let 2 be the set of all relational sentences. A set of reflective rela-

tional sentences D is a subset of all relational sentences, i.e. D C 2.

Reflective relational sentences are used to formalize a metasystem’s derivable
judgments. When we define specifically how to recognize the reflective relational
sentences from relational sentences, we obtain a kind of metasystem. This metasystem

need not be recursive.

4.3.2 Elimination Relation-F
An elimination relation is a syntactic constraint used to specify how the meta-
system influences the base system. We will appeal to an elimination relation when
we add the elimination rule to the base system for the reflective relational sentences.
Since the elimination relation is used after internalizing reflective relational sentences

as types, we need to extend the definition of types and the context accordingly.

Definition 37. We define extended types and extended contexts as follows:
RTypes A == R ™(ty, .ty Ty, .. T) | oo | R ™ (ot Ty, o Ty)
ETypes S :==A| B | X |Ilz: 5.5 | VX.S

EContext A == - | Ajz: S| A X

Definition 38. We specify an elimination relation E by:

E C EContext x Terms x Terms x 2 x ETypes x ETypes.

For example, when we consider the specific internalization structure for sub-
typing below, we will define an elimination relation where (A, ¢, ¢, T < T, T,T") € £

holds iff in extended context A, ¢ has the type T, ¢’ has the type T' < T”, and we can
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change the type of t to T".

4.3.3 Interpretation-Z
We defined the interpretation of types of F'! before. Since interpretation of
types is a set of terms and the reflective relational sentences are relations about
between terms and types in FU, it is natural to understand the meaning of these re-
flective relational sentences as set-theoretic relations between interpretation of types.
Take subtyping as an example; we interpret subtype judgment <: as the subset re-

1 Interpretation-Z is defined to capture this in-

lation C on interpretation of types
tuition. Later we will relate interpretation-Z to reflective relational sentences and

elimination relation through two soundness properties.

Definition 39. Let R be the set of all reducibility candidates as defined in F'. We

define an interpretation of R™™ T pumxm) to be Ipmxm) C Terms” x R™,

4.3.4 Soundness Properties
Now that we have defined all parts of an internalization structure, we can
formulate two soundness properties for an internalization structure. Since one of the
soundness properties is related to the extended types, we first define the interpretation

for extended types. Then we identify the soundness properties.

Definition 40. Let ¢ be an environment function w.r.t. type S, which is defined in
the same way as definition 31 except we extend it to type S. Let A be the set of closed

terms that normalize at axiom. The interpretation of types [S], is defined inductively

!This is also observed by [44]
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as follows:
o tc[B],ifft € Rp.

ot € [R™™(ty, .. ty,Th,... )]s iff t € A and (t1, ..., tn, [Ti]g, s [Tm]s) €

L)

o tc[X]yiff t € 0(X).

o tc[llx:S51.9], iffteV and (Vu € [Si]s = (t u) € [[u/z]S2]s)-
o i € [VX.S]y iff VR € R,t € [STom/x).

We define (0,60) € [A] in the same way as (0,0) € [I'], except with extended

contexts and extended types.

Definition 41. We say a tuple (D, E,T) is an internalization structure iff it satisfies
the following soundness properties:

Soundness of reflective relational sentences:

IfFR>™ (b, .ty Ty, ..., Ty) € D, then Vo, o, (ot1, ..., oty, leTi]g, - [0Tm]s) € Zrmxm) -
Soundness of the elimination relation:

Suppose (A, t,t' R™>™(t, ..ty Th,....Tn),S,S") € E, (0,6) € [A], o(t) € [0S5]s

and RU™ (ty, ... t,, Ty, ..., T,y) € D. Then o(t) € [0.5]s.

Soundness of reflective relational sentences means that the reflective relational
sentences are a conservative approximation of interpretation-Z. Soundness of the

elimination relation will imply that the elimination rule for internalized systems re-
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spects the Girard-Tait type interpretation and is semantically compatible with sub-

stitutions that arise duing CBN evaluation.

4.4 Internalized System
We have defined the internalization structure—(D, E/,Z). Using an internaliza-
tion structure, we can construct a new system—we call it the internalized system—from
the internalization structure and F. The term syntax and operational semantics of
internalized system are the same as F'', while the syntax of types and contexts are the
RTypes, ETypes, EContexts in definition 37. The well-formed extended context

A F OK is defined just as before except using EContexts.

Definition 42.

AeD FVar(A) Cdom(A) AFOK
A F axiom : A -tntro

Alz) =S AF OK
AFz: S Var

Abt:T AFt:A EAGLY,ATT)

AFt:T A-clim
Ajz:S; Ft:5, i
AF et :Ilx:S5..5, -intro
AFt:z:5.5 AFty:S5); ,
II_elim

A - tl tQ . [tQ/ZE]SQ

AXEt:S
ALt VX.g V-intro

AFt:¥X.S [9/X]S € ETypes FVar(S') C dom(A)
AFi:[5/X]S

V_elim

We can see that the new type assignment system contains two new rules: A-
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intro and A-elim. The A-intro rule is used to introduce reflective relational sentences
as types in the internalized system, while the A-elim rule is for using the reflective
relational sentences to change the type of a term accordingly. The theorem below
guarantees that the internalized system generated from F™ and internalization struc-

ture is terminating, which is the central result of internalization.

Theorem 4 (Type Soundness). If (D, E,Z) is an internalization structure and A F

t:S, then V(o,06) € [A], (0 t) € [0S]s.
Corollary 3. If -+t : 5, thent e V.

Because typing contexts may introduce spurious assumptions, some open con-
texts may assign a type to a diverging term. Section 4.5.1 shows gives an example.
This is an expected outcome of reasoning from invalid premises. Indeed Corollary 3
may be strengthened to allow contexts where all variables are classified by inhabited
types.

4.5 Examples

In previous section, we capsule our development of internalized system as
constructing a sound internalization structure. Now let us see how we can apply
our formalization of internalization to internalize subtyping, full-beta term equality
and term-type inhabitation relations as types. First, we specify an instance of F'.
Namely, we instantiate constant types as B ::= T | L. Additionally, we define
[L]s :==0,[T]s := V.

Recall that internalization works as follows. We first define the set of reflec-
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tive relational sentences that contains all the derivable judgments from subtyping,
full-beta term equality and term-type inhabitation. Then we define the elimination
relation and interpretation. We show our definition interpretation structure is sound.
Finally we present the internalized system as the result of internalization. We will

follow this recipe in the sequel.
4.5.1 Subtyping
We need to instantiate the three parts of internalization structure-(D, E, I).

First, we specify ¥ := {<%"2}. Then we know all the reflective relational sentences

should be in the form T} < T5. We identify reflective relational sentences D as follows:

Definition 43.

T<TeD 1l <TeD X<XeD

T, <T, €D T)<TheD Ty<TyeD
VXT, <VXThyeD Nz:T1.To <Iz:T|. T, €D

We can see that the way we identify D is similar to the way we write subtyping
rules. Now we define (A, ¢, ¢, T < T",T,T") € E. The meaning of this elimination
relation is that if ¢ has type T in context A and ¢’ has type T' < T”, then t can also
has the type 7". We define: Z. := {(R1,R2) |[R1 € Ra}. We can see that Z. capture
all the subset relations on reducibility candidates. The following two lemmas make

sure we obtain a sound internalization structure from (D, E,Z_) we defined above.

Lemma 18 (Soundness of the Reflective Relational Sentence). If (T' < T") € D, then

Vo,Vo, ([[O'T]]¢, [[UT/]]¢) el..
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Proof. Since [0T]4 = [T]s, we just need to show: If (T' < T") € D, then Vo, ([T, [T"]s) €
Z.. We will prove this by induction on the structure of T'.
e Case: T'=TorT=1

By inversion, it holds.

e Case: TT=X

By inversion, we know 7" = X or T, again, it is the case.

e Case: T'=1lx: T\. T
By inversion, 77 = T or 7" = Ilx : T{.1T3. Let us consider 7" = Iz : T7.T}.
In this case, by inversion, 7] < 1Ty € D, T, < Ty, € D. By IH, we have
71l € [Ti]s. Again, by IH, we have [T3], C [13],. For any u € [T{]s C
1], if t € [z : T1.7T3] s, we have tu € [[u/z]T2]s = [To]s C [T5]s- So

t € [z : TV.T.

e Case: T =VX.T

By inversion, 77 = T or VX.T". So let’s consider 7" = VX.T'. By inversion, we

know 7' < T" € D. We know for ¢t € [VX. T[4, VR € R, t € [T]sr/x). By IH,

[Tlor/x) € [T r/x7- So t € [VX.T"].
]

Lemma 19 (Soundness of the Elimination Relation). If (A, ¢, ¢/, 17 < Ty, T1,T5) € E,

(0,0) € [A] and o(t) € [oT\]s = [Th]s and Ty < Ty € D, then o(t) € [0T3]s = [T2]s-
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The subtyping setting also provides an example that it is possible to have
diverging term under open terms and full-beta reduction in internalized system. It
is possible to derive y : (T < (T — T)) F (Az.zx)(Az.zz) : T using the underivable
fact T < (T — T) and derivable (T — T) < T to establish an isomorphism between
types T and T — T. Sticking to closed terms means we need not worry about this
derivation directly. And call-by-name evaluation ensures that - = Ay.(Ar.xx)(Az.zx) :

(T < (T —T)) — T does not reduce. In contrast, full reduction would loop.

4.5.2 Term Equality and Term-Type Inhabitation
We can go even further to explore the internalization structure. We add two
more relation symbols to signature so that ¥ = {|+9) <(0+2) 40+DY " For simplicity,
we usually do not specify the arity. Thus the relational sentences have form: ¢; |
to,T1 < Ty, and t < T for base-system t and T
Now we are ready to specify more reflective relational sentences. We define <

reflective relational sentences by the following condition:

taT e DiftVo,t € [T]s

Notice that this definition is not algorithmic, which is fine since our framework does
not require decidability for the set D for reflective relational sentences.

The < symbol allows us to give “morally correct” types to terms which cannot
otherwise be checked. In practice, such terms are created when extracting compu-
tational content from mechanically checked proofs. As a concrete example, the Coq

proof assistant uses an expressive language to define functional programs and exports
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that code to OCaml for efficient compilation. Resulting OCaml programs do not go
wrong, but must use Obj.magic:a — [ to pass ML’s weaker type system. Likewise,
AuraConf [50] uses a type constructor resembling < to inform the type checker about
the concealed types of opaque ciphertexts. Note that weaker variants of < may be
possible when, as in the case of extracted proofs, there is a conservative procedure for
checking semantic type inclusion, t < T' € D iff Oracle(t, T'). (We do not consider
such variants further.)

We define t; | to € D by the following rules:

Definition 44.

tiltaeD
titeD (Az.t)t' | [t'/x]t € D tytltateD
tl\LthD tlitQED tl\l/tQED tQ\LtgGD
)\x.tli)\x.tQED ttl\LttQED tl\l,tgeD
tl\LtQED
tolti1 €D

The rules above are the same as how we define the conversion in lambda
calculus. In this case, the syntax of extended types (as defined by the internalization

framework) is:

EType S =T | L | X |Hz: S8 |VXS |ty Lto | Ti<Ty|taT

The additional elimination relations are:
(At 1ty Ly, [t/ x](ts ) ta), [to/2](ts L ta)) € E.

(At U, taT T, T") € E

The additional interpretations Z,Z, are:

e 7, C Terms x Terms defined by Z; := {(t1,t2) | t1 | t2 € D}.
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e 7, C Terms x R defined by Z, := {(t,R) | t € R}.

We have now defined the three parts of the internalization structure. We need

to show that this structure is sound. For that purpose, we have following lemmas.

Lemma 20 (Soundness of the Reflective Relational Sentence).
o If(t1 | ta) € D, then Vo, (oty,0ty) € L.
o If(taT) e D, then Vo,Vo, (at,[0T],) € L.

Proof. If (t; | t2) € D, we have Vo, (oty,0ty) € D. This is because we define the t | ¢/
relation same as the conversion in lambda calculus and this is one of its properties.
Thus (oty,0ty) € Z; by definition of Z,.

If (t<aT) € D, by definition, we have V¢,t € [T],. Since t is closed, Vo, ot = ¢. And

we have [0T]s = [T]4. So V¢,Vo, ot € [0T],. Thus Vo,Ve, (ot, [0T],) € L.

Lemma 21 (Soundness of the Elimination Relation).

o If (At 1t L to, [t1/2](ts | ta), [t2/2](ts | 1)) € E, (0,6) € [A] and o(t) €

lo[ti/x](ts 4 ta)]s and t1 | ta € D, then o(t) € [o[ta/z|(t3 | t4)]s-

o If(At, ', t<aT" T\T") € E, (0,0) € [A] and o(t) € [oT]s and t<T" € D, then

o(t) € [oT"]s.

Proof. We have o(t) € [o[t1/z](t3 | t4)]s, thus o(t) € Aand (o[t1/z]t3) | (o[t1/x]ts) €
D. Since t; | ty € D, then we have (o[ty/z|ts) | (o[ta/x]ts) € D. This is also followed

by the property of t | . So o(t) € [olta/x](ts | t4)]s.
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By soundness of reflective relational sentences, t <T" € D implies Vo, ot =t € [T'],.

So it is the case.

]

So the structure (D, E,Z.,Z|,Z,) we have defined is a sound internalization
structure. Let us see some instances of A-elim rule and A-intro rule for the internal-

ized system based on this internalization structure:

tl \l, tQ eD FVar(t1 \l/ tg) Q dOl’Il(A) A F OK

A F axiom : t1 |ty -intro
Al—t[tl/x](t3¢t4) Al_tlitli/tg A-eli
AFt:[ta)z](ts 4 ta) -enm
taT' € D FVar(t<T') Cdom(A) AFOK
A-intro

A F axiom : ta T’

AFt:T Abt:tal ,
AFt: T -clim

We can see that our elimination rule for | realizes a more general form of transitivity.
For example, if we have a term with a type [t2/y](t1 | y) and 5 | t3 € D, then we

can assign this term a new type [t3/y](¢t; | y) by the elimination rule.

4.6 Summary
We have formalized the notion of internalization structure and demonstrated
that the internalized system is terminating. We also have shown how our formaliza-
tion can be applied to full-beta term equality, subtyping and term-type inhabitation
relation. Our approach makes it easier to establish normalization for type theo-
ries with these features, since the framework provides the analysis for all but the

internalization-specific parts of the language.
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In retrospective, the difficulty of this approach is that, with internalization,
the type system has the ability to make inconsistent assumption using the internal-
ized relation such as <, <, ], which will falsify the type preservation property. For
example, assuming we manage to internalize a form of type equivalence that we can
automatically convert one type to another, and supposea: A - B=A—C,d: AF
t:A— B. Then wecan havea: A - B=A—>C,d: Ar-td: Banda: A —
B=A—C,d: Artd:C due to automatic conversion. But we know that B, C' are
not unifiable. Thus we have a counterexample for type preservation?. This counter
example will not arise if we adopt the Leibniz equality, namely, we define T'=T" as
VP.P(T) — P(T"). Then we would havea: A -+ B=A - C,d: AFtd: B and
a:A—-B=A—C,d: AF (at)d:C, which is entirely legal and type preservation
still hold. This sequence of development suggests that we should at least be careful
when we try to “lift” propositional equivalence <> to meta-level equivalence =. We

will discuss Leibniz equality more in Chapter 6.

2This counterexample is found by the Upenn group.



46

CHAPTER 5

LAMBDA ENCODINGS WITH DEPENDENT TYPES

In this Chapter, we revisit lambda encodings of data, proposing new solutions
to several old problems, in particular dependent elimination with lambda encodings
(Section 5.2). We start with a type-assignment form of the Calculus of Constructions,
restricted recursive definitions and Miquel’s implicit product. We add a type construct
wx. T, called a self type, which allows T to refer to the subject of typing (Section 5.3).
We show how the resulting System S with this novel form of dependency supports
dependent elimination with lambda encodings, including induction principles (Section
5.4). Strong normalization of S is established by defining an erasure from S to a
version of F,, with positive recursive type definitions, which we analyze (Section 5.5).

We also prove type preservation for S.

5.1 Introduction

Modern type-theoretic tools Coq and Agda extend a typed lambda calculus
with a rich notion of primitive datatypes. Both tools build on established founda-
tional concepts, but the interactions of these, particularly with datatypes and recur-
sion, often leads to unexpected problems. For example, it is well-known that type
preservation does not hold in Coq, due to the treatment of coinductive types [22].
Arbitrary nesting of coinductive and inductive types is not supported by the current
version of Agda, leading to new proposals like co-patterns [2]. And new issues are dis-

covered with disturbing frequency; e.g., an unexpected incompatibility of extensional
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consequences of Homotopy Type Theory with both Coq and Agda was discovered in
December, 2013 [45].

The above issues all are related to the datatype system, which must determine
what are the legal inductive/coinductive datatypes, in the presence of indexing, de-
pendency, and generalized induction (allowing functional arguments to constructors).
And for formal study of the type theory — either on paper [52], or in a proof assis-
tant [7] — one must formalize the datatype system, which can be daunting, even in
very capable hands (cf. Section 2 of [9]).

Fortunately, an alternative to primitive datatypes exists: lambda encodings,
like the well-known Church and Scott encodings [12, 16]. Utilizing the core typed
lambda calculus for representing data means that no datatype system is needed at
all, greatly simplifying the formal theory. We focus here just on inductive types, since
in extensions of System F, coinductive types can be reduced to inductive ones [20].

Several problems historically prevented lambda encodings from being adopted
in practical type theories. Scott encodings are efficient but do not inherently provide
a form of iteration or recursion. Church encodings inherently provide iteration, and
are typable in System F. Due to strong normalization of System F [23], they are thus

suitable for use in a total (impredicative) type theory, but:

1. The predecessor of n takes O(n) time to compute instead of constant time.

2. We cannot prove 0 # 1 with the usual definition of #.

3. Induction is not derivable [21].
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4. Large eliminations (computing types from data) are not supported.

These issues motivated the development of the Calculus of Inductive Constructions
(cf. [51]). Problem (1) is best known but has a surprisingly underappreciated solution:
if we accept positive recursive definitions (which preserve normalization), then we
can use Parigot numerals, which are like Church numerals but based on recursors
not iterators [40]. Normal forms of Parigot numerals are exponential in size, but a
reasonable term-graph implementation should be able to keep them linear via sharing.
The other three problems have remained unsolved.

In this Chapter, we propose solutions to problems (2) and (3). For problem (2)
we propose to change the definition of falsehood from explosion (VX.X, everything
is true) to equational inconsistency (VX.Ilz : X.Ily : X.x =x y, everything is equal
for any type). We point out that 0 # 1 is derivable with this notion. Our main
contribution is for problem (3). We adapt CC to support dependent elimination
with Church or Parigot encodings, using a novel type construct called self types,
tx. T, to express dependency of a type on its subject. This allows deriving induction
principles in a total type theory, and we believe it is the missing piece of the puzzle
for dependent typing of pure lambda calculus. For problem (4), we suspect it would
be hard to extend self type to support large elimination, that would mean we would
have to surport impredicative kind polymorphism, which is known to render Girard’s
paradox.

We summarize the main technical points:

e System S, which enables us to encode Church and Parigot data and derive
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induction principles for these data.

e We prove strong normalization of S by erasure to a version of F, with positive
recursive type definitions. We prove strong normalization of this version of F,

by adapting a standard argument.

e Type preservation for S is proved by extending Barendregt’s method [6] to

handle implicit products and making use of a confluence argument.

Detailed arguments omitted here may be found in [18].

5.2 Overview of System S

System S extends a type-assignment formulation of the Calculus of Construc-
tions (CC) [15]. We allow global recursive definitions in a form we call a closure:
{(z; + S;) = titien U{(X; : ki) = T;}ienr The x; are term variables which cannot
appear in the terms ¢;, but can appear in the types T;. Occurrences in types are used
to express dependency, and are crucial for our approach. Erasure to F,, with positive
recursive definitions will drop all such occurrences. The X; are type variables that
can appear positively in the T; or at erased positions (explained later).

The essential new construct is the self type tx.T. Note that this is different
from self typing in the object-oriented (OO) literature, where the central problem has
been to allow self-application while still validating natural record-subtyping rules [39,
1]. Typing the self parameter of an object’s methods appears different from allowing
a type to refer to its subject, though Hickey proposes a type-theoretic encoding of

objects based on very dependent function types {f |z : A — B}, where the range
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B can depend on both x and values of the function f itself [27]. The self types we

propose appear to be simpler.

5.2.1 Induction Principle
Let us take a closer look at the difficulties of deriving an induction principle
for Church numerals in CC, and then consider our solutions. In CC a la Curry, let
Nat := VX.(X — X) — X — X. One can obtain a notion of indexed iterator by
It := A AfAax f aand It : VX.IIz : Nat.(X — X) - X — X. Thus we have
It n =5 AMfdan [ a=5 Af a. f(f(f...(fa)...)). One may want to know if we can
T

n
obtain a finer version, namely, the induction principle-Ind such that:

Ind : VP : Nat — .ITz : Nat.(ITy : Nat.(Py — P(Sy))) = P0— P x
Let us try to construct such Ind. First observe the following beta-equalities and
typings:

Ind 0 =5 A\f.)\a.a

Ind 0 : (TITy : Nat.(Py — P(Sy))) = P0— P 0

Indn =g Afda. fn—1(..f 1 (f 0a))

~
n>0

Ind  : (Iy : Nat.(Py — P(Sy))) = P0— Pn

with f: Iy : Nat.(Py — P(Sy)),a: P 0

These equalities suggest that Ind := Ax.Af. Aa.x f a, using Parigot numerals [40]:
0:= As.\z2.2
n:=AsAdzsn—1(n—1s2)

Each numeral corresponds to its terminating recursor.

Now, let us try to type these lambda numerals. It is reasonable to assign
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s : Iy : Nat.(Py — P(Sy)) and z : P 0. Thus we have the following typing
relations:

0:1y:Nat.(Py— P(Sy)) > P0— PO

=1

Iy :Nat.(Py— P(Sy)) - P0—P1

n:Hy:Nat.(Py— PSvy)—>P0—Pn
So we want to define Nat to be something like:

VP : Nat — *.IIy : Nat.(P y — P(Sy)) =+ P 0 — P 7 for any 7.

Two problems arise with this scheme of encoding. The first problem involves recur-
siveness. The definiens of Nat contains Nat and S, 0, while the type of S is Nat — Nat
and the type of 0 is Nat. So the typing of Nat will be mutually recursive. Observe
that the recursive occurrences of Nat are all at the type-annotated positions; i.e., the
right side of the “:”.

Note that the subdata of n is responsible for one recursive occurrence of Nat,
namely, Iy : Nat. If one never computes with the subdata, then these numerals will
behave just like Church numerals. This inspires us to use Miquel’s implicit product
[36]. In this case, we want to redefine Nat to be something like:

VP :Nat — %Yy : Nat.(P y — P(Sy)) = P 0 — P 7 for any 7.

Here Vy : Nat is the implicit product. Now our notion of numerals are exactly Church
numerals instead of Parigot numerals. Even better, this definition of Nat can be
erased to F,,. Since F,’s types do not have dependency on terms, P : Nat — x will
get erased to P : . It is known that one can also erase the implicit product [3]. The

erasure of Nat will be VP : x.(P — P) — P — P, which is the definition of Nat in
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The second problem is about quantification. We want to define a type Nat for
any 7, but right now what we really have is one Nat for each numeral n. We solve
this problem by introducing a new type construct tz.T" called a self type. This allows
us to make this definition (for Church-encoded naturals):

Nat := (x.VP : Nat — *«.Vy : Nat.(Py - P(Sy)) > P0— Pz

We require that the self type can only be instantiated/generalized by its own
subject, so we add the following two rules:

CEt:[t/z]T
'Et:wT

I'Ht:wT

selfGen T T

selflnst

We have the following inferences’:

n:VP:Nat— *Vy:Nat.(Py— P(Sy) - P0—Pn
n:wVP:Nat — *«Vy:Nat.(Py — P(Sy)) > P0— Pz

5.2.2  The Notion of Contradiction

In CC a la Curry, it is customary to use VX : . X as the notion of contradic-
tion, since an inhabitant of the type VX : x.X will inhabit any type, so the law of
explosion is subsumed by the type VX : x.X. However, this notion of contradiction
is too strong to be useful. Let t =4 t' denote VC' : A — x.C t — C t' with ¢,¢' : A.
Then 0 =na: 1 can be expanded to VC' : Nat — .C' 0 — C' 1 (0 is Leibniz equals
to 1). One can not derive a proof for (VC : Nat - «.C 0 — C 1) - VX : X,
because the erasure of (VC' : Nat — .C' 0 — C' 1) — VX : %.X in System F would be

(VC : x.C — C) - VX : X, and we know that VC : x.C' — C is inhabited. So the

1The double bar means that the converse of the inference also holds.
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inhabitation of (VC' : Nat — %.C' 0 — C' 1) — VX : x.X will imply the inhabitation
of VX : %.X in System F, which does not hold. If we take Leibniz equality and use
VX : %.X as contradiction, then we can not prove any negative results about equality.

On the other hand, an equational theory is considered inconsistent if a = b for
all term a and b. So we propose to use VA : x.Ilz : AIly : A.x =4 y as the notion of
contradiction in CC. We first want to make sure it is uninhabited. The way to argue
that is first assume it is inhabited by ¢. Since CC is strongly normalizing, the normal
form of ¢ must be of the form? [AA : ] \z[: A].\y[: Al.]AC : A — *].\z[: C z].n for
some normal term n with type C' y, but we know that there is no combination of x, y, 2
to make a term of type C' y. So the type VA : x.Ilz : Ally : AVC : A — x.Cx — Cy

is uninhabited. We can then prove the following theorem.

Theorem 5. 0 =1 — L is inhabited in CC, where 1 :=VA : xIlz: Ally : AVC :

A—=*xCzx—Cuy,0:=As. A2z, 1 := As.A\z.s 2.

Proof. Assume Nat :=VB : % (B — B) - B — B. Let ' =a: (VD : Nat = x.D0 —
D1),A:xx:Ay:AC:A— *xc:C x. We want to construct a term of type
C y. Let F:= An[: Nat].n [A] (Aq[: A].y)z. Note that F': Nat — A. We know that
F0 =5z and F1 =3 y. So we can indeed convert the type of ¢ from Cz to C (FO0).
And then we instantiate the D in VD : Nat — %.D0 — D1 with Az[: Nat].C' (Fx). So
we have C' (F0) — C (F1) as the type of a. So a ¢: C(F1), which means a ¢ : Cy.

So we just show how to inhabit 0 =1 — L in CC.

2We use square brackets [ | to show annotations that are not present in the inhabiting
lambda term in Curry-style System F.
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Once L is derived, one can not distinguish the domain of individuals. Note

that this notion of contradiction does not subsume law of explosion.

5.3 System S
Definition 45 (Syntax).
Termst == x| Ax.t | ¢t/
TypesT = X |VX :wT |lax - TVTo | Ve : YT | T | Tt | NX.T| AT | T\ T
Kinds k == x| Hz:T.k | IX : K.k
ContextI' == - |y T | T, X x| T,p

Closure p = {(x; : S;) = ti}ien U{(X; : k) = T }iem

Closures. For {(z; : S;) — t;};cn, we mean the term variable x; of type S; is
defined to be t; for some i € N; similarly for {(X; : ;) — T; }iens-

Legal positions for recursion in closures. For {(z; : S;) — t;}ien, we
do not allow any recursive (or mutually recursive) definitions. For {(X; : ;) —
T:}ien, we only allow singly recursive type definitions, but not mutually recursive
ones. This is not a fundamental limitation of the approach; it is just for simplicity of
the normalization argument. The recursive occurrences of type variables can only be
at positive or erased positions. Erased positions, following the erasure function we
will see in Section 5.5.1, are those in kinds or in the types for V-bound variables.

Variable restrictions for closures. Let FV(e) denote the set of free term
variables in expression e (either term, type, or kind), and let FVar(T') denote the set

of free type variables in type T". Then for {(z; : S;) > t; }ien U {(X; : ki) = T }iem,
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we make the simplifying assumption that for any 1 <i < n, FV(¢;) = 0. Also, for any
1 <i < m, we require FV(T;) C dom(u), and FVar(T;) C {X;}. All our examples
below satisfy these conditions.

Notation for accessing closures. (¢; : S;) € p means (z; : S;) — t; € p and
(T; : ki) € pmeans (X; : k;) — T; € p. Also, x; — t; € p means (x; : S;) — t; € p
for some S; and X; — T; € p means (X, : k;) — T; € p for some k;.

Well-formed annotated closures. I' -y ok stands for {I', o =2 T }t,.m)ep
and {I', =T} : K} (7;:0;)en- In other words, the defining expressions in closures must
be typable with respect to the context and the entire closure.

Notation for equivalence. = is the congruence closure of — .

Self type formation. Typing and kinding do not depend on well-formedness

of the context, so the self type formation rule self is not circular.

Well-formed Contexts

PFwf TFT:x TIhkwf I'Fe:0 TEwl T'Fpuok
- wf e :TFwf INX kb wf = wf

Well-formed Kinds

X :kFr:O 'O De:TFHrk:O I'ET %
'-x:0 '-IX :k.x:0 Iz : Tk :0O

Kinding
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(X:r)el '-T:k TFr=2K TFK:O

'-X:«k '-T:K

=Ty % o :TiHTy: X :kET:x T'Fr:0O
'z : TV.T, : VX kT :x

Dx:-TyFTy:x T'HET):x

Dae:wTET:

I'EVe: 1. 15 : %

X :kbET:k ThHk:O
FEAXT 11X : kK

I'ES:llxe: Tk TI'Et:T

'k T : * Seif

Dx:T'HT:k THET :x
PEXeT:Tx: T .k

'-S:M1IX:kk TFT:x

F'ESt:[t/x]x PEST:[T/X|k
Typing [T -t : T
'ty THEFTY =T, F|_T2:*C (x:T)EFV
Tt T onv Tra:T 7
CHt:[t/z]T ThEwT:x =% o g7
L L lfInst
F'Et:wT SelfGen L't t/z]T Selfins
Dox:TyHt: Ty, THT):x a:géFV(t)Id PEt:Ve:TV. T3 FI—t':TlD
TFi:Ve: 1115 nar TFt:[t')=]Ts “

'tz Ty 7T, THE:T,

I'X:kbHt:T T'kFr:0O

A
TFtt [t /2T bp TFt:VX:rT Poly
FHt:VX : 6T FI—T’:/{InSt DTy Ht:T, Fl—le*F
TH¢:[T/X|T T etz : 7,1 une
Reductions |I' -t =g t'| [T —5 1"
(x—1t)el (X—T)el
F"JI—)Bt Fl_()\.l‘t)t/ —3 [t’/x]t F"X—)gT

' (A1)t —5 [t/x]T

I'F(AXT)T —4 [T')X]T
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5.4 Lambda Encodings in S
Now let us see some concrete examples of lambda encoding in S. For conve-

nience, we write 7' — 7" for Ilx : T.T" with x ¢ FV(T”), and similarly for kinds.

5.4.1 Natural Numbers
Definition 46 (Church Numerals). Let p. be the following closure:
(Nat : %) — x.¥C : Nat —» *.(Vn:Nat.Cn - C (Sn)) - C0—C x
(S : Nat — Nat) — An.As.Az.s (n s 2)

(0 : Nat) — As.Az.z

With s : Vn : Nat.C'n — C (S n),z : C 0,n : Nat, we have p. - wf (using
selfGen and selfInst rules). Also note that the p, satisfies the constraints on recursive
definitions. Similarly, if we choose to use explicit product, then we can define Parigot

numerals.

Definition 47 (Parigot Numerals). Let p, be the following closure:
(Nat: %) = tx.VC : Nat = *.(IIn:Nat.Cn —-C (Sn)) - C0—-Cx
(S : Nat — Nat) — A\n.As.\z.s n (n s z)

(0 : Nat) — As.A\z.z

Note that the recursive occurences of Nat in Parigot numerals are at posi-
tive positions. The rest of the examples are about Church numerals, but a similar

development can be carried out with Parigot numerals.

Theorem 6 (Induction Principle).

te FInd : VC' : Nat — *.(Vn : Nat.C' n - C (Sn)) - C 0 — IIn: Nat.C' n
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where Ind := As. \z.\n.n s 2

with s :¥n : Nat.C' n — C (Sn),z:C 0,n : Nat.

Proof. Let I' = p.,C : Nat — *,s : Vn : Nat.C n — C (S n),z : C 0,n : Nat. Since
n : Nat, by selflnst, n : YC : Nat — *.(Vy : Nat.C' y - C (S y)) - C 0 — C n. Thus

nsz:Cn. ]

It is worth noting that it is really the definition of Nat and the selflnst rule

that give us the induction principle, which is not derivable in CC [14].

Definition 48 (Addition). m +n:=Ind Sn m

One can check that pu. F + : Nat — Nat — Nat by instantiating the C' in the

type of Ind by Ay.Nat, then the type of Ind is (Nat — Nat) — Nat — (Nat — Nat).

Definition 49 (Leibniz’s Equality).

Eq := MA[: «|. \z[: A M\y[: A]VC A — «.C oz — Cy.

Note that we use x =4 y to denote Eq A x y. We often write ¢ = ¢’ when the

type is clear. One can check that if F A: x and - z,y : A, then -z =4 y : *.

Theorem 7. p.F Iz : Nat.x + 0 =ynat @

Proof. We prove this by induction. We instantiate C' in the type of Ind with An.(n +
0) =nat . So by beta reduction at type level, we have (Vn : Nat.(n + 0 =nat n) —
(Sn)+0 =Nat Sn)) > 0+0 =nae 0 — IIn : Nat.n + 0 =nae n. So for the base
case, we need to show 0 4+ 0 =pna: 0, which is easy. For the step case, we assume

n + 0 =nat 7 (Induction Hypothesis), and want to show (S n) + 0 =ya S n. Since
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(Sn)+0—=3S (nS0)=5S(n+0), by congruence on the induction hypothesis, we
have (S n) 4+ 0 =yat S . Thus Iz : Nat.z + 0 =, 2. O
5.4.2  Vector Encoding

Definition 50 (Vector). Let p, be the following definitions:
(vec : x — Nat — *) —
AU : s n : Nat.wxz VC : Ilp : Nat.vec U p — *.
(ITm : Nat.ITu : UVy :vec U m.(C my — C (S m) (cons m u y)))
—-CO0nil=Cn x
(nil : YU : x.vec U 0) — Ay \z.x
(cons : IIn : Nat.VU : «.U — vec U n — vec U (S n)) — An vy z.ynv (I y z)
where n = Nat,v : U,l : vec U n,y : IIm : NatIlu : UVz : vec U m.(C ' m z —

C (Sm) (cons m u z)),z: C 0 nil.

Typing: It is easy to see that nil is typable to VU : x.vec U 0. Now we show
how cons is typable to IIn : NatWVU : «U — vec U n — vec U (S n). We
can see that [ y x : C n [ (using selfinst on 1). After the instantiation with
[, the type of y n visCnl — C (Sn) (consnwovl). Soynwv(lyx):
C (Sn)(consnvl) So \ydzynwv (lyx) : IIC : (Nat — vec U p — *).(IIm :
NatIlu : UVy : vec U m.(C my — C (S m) (cons m u y))) — C 0 nil —
C (Sn) AAzynov (lyx)). So by selfGen, we have Ay Az.y n v (I y x) :

vec U(S n). Thus cons : IIn : Nat.VU : .U — vec U n — vec U (S n).

Definition 51 (Induction Principle for Vector).

Wy FInd : VYU : x.IIn : Nat.VC : Nat — vec U p — .
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(Ilm : Nat.ITu: UVy : vec U m.(C my — C (S m) (cons m u y)))
— C 0 nil = Iz : vec U n.(C n x)
where Ind := An. s \z.  \x.x s 2
n : Nat,s : VC : (Nat — vec U p — «*).(Ilm : Nat.Ilu : UVy : vec U m.(C my —

C (Sm) (cons m u y))),z:C 0nil,xz: vec U n.

Definition 52 (Append). p, F app : VU : *.IIn; : Nat.Ilny : Natwec U n; —
vec U ny — vec U (nq + na)

where app := Any.Ang. Al Alo.(Ind ny) (An.Az.\v.cons (n+ng) x v) Iy l.

Typing: We want to show app : VU : *.IIn; : Nat.Ilny : Nat.vec U n; — vec U ny —
vec U (ny +nz). Observe that An.A\x.Av.cons(n+mns) x v : IIn : Nat.Ilz : Uvec U (n+
ng) — vec U (n+ny + 1). We instantiate C := \y.(Az.vec U (y + ns)) , where z free
over vec U (y + nsy), in Ind ny. By beta reductions, we get Ind ny : (IIm : Nat.ITu :
UNy : vec U m.(vec U (m + ng) — vec U ((S m) +n3)) — vec U (0 + ny) — Iz :
vec U ny.vec U (nq + ny).
So (Ind ny) (An.Az. Av.cons(n+nsy) z v) : vec U (0+ny) — Iz : vec U ny.vec U (n1+ny).
We assume [; : vec U ny,ls : vec U ny. Thus (Ind ny) (An. Az Av.cons(n+mns) z v) Iy Iy :
vec U (ny + na).
5.5 Metatheory

We first outline the erasure from S to F,, with positive recursive definitions,

which shows the strong normalization of S. We also prove type preservation for S,

which involves confluence analysis (Section 5.5.2) and morph analysis (Section 5.5.3).
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5.5.1 Strong Normalization
We prove strong normalization of S through the strong normalization of F,
with positive recursive definitions. We first define the syntax for F, with positive

recursive definitions.

Definition 53 (Syntax for F,, with positive definitions).
Termst == x| Azt | ¢t/
Kinds k == % | K =k

Types T™ == X* | (VXRT*)" [ (TY — T3)" | (AX".Trm=)mre | (T 2150 )

Context I == - | T,x:T" | T, pu
Definitions == {(x; : SF) = t;i}ien U{XF = TF}ien
Term definitions p = {x; — t; }ien

Note that for every = — t, X" — T% € pu, we require FV(t) = () and
FVar(T"®) C {X*}; and the X" can only occur at the positive position in 7%, no
mutually recusive definitions are allowed. We elide the typing rules for space reason.
We adopt kind-annotated types to obtain a clearer interpretation of types. e.g. with

kind annotation, we do not need to worry about interpretation for ill-formed types

like (AX.X) = (AX.X).

Definition 54 (Erasure for kinds). We define a function F maps kinds in S to kinds

in ¥, with positive definitions.
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Definition 55 (Erasure relation). We define relation I' = T > T™ (intuitively, it
means that type T' can be erased to T under the context I"), where T, T" are types and

context in S, T is a type in F, with positive definitions.

FiK)=r (X:K)eT TFToTr
'EX»>X" I'w. T T
X :kFToT; THFT,oTF TFThoT)
PFVYX :wTo (VXFWTH Tz : Ty Tyo (T — T))
Ty TF =Ty Tm7 T'ETH
'V Tl.TQ > '+ T1T2 > (T;lﬁHQTéﬂ)Kz
X:kbEToTH I'+ToTr
D FAX.T o (AXF® T2 T =T ¢t T
'=TpoTY
TFAz.ToTr
Definition 56 (Erasure for Context). We define relation I'>T" inductively.
PETeTy "™ Dol e
T (X k)= Tel, XF® s TF® T X keI -
THFT>T Tl IFTeTF TolY
Cy(z:T)—tol a:TF—t Dox:Tol' x:TF

Theorem 8 (Erasure Theorem).
1. If ' =T : K, then there exists a TF™ such that T+ T TS,

2. If T+t :T and I' = wf, then there exist T and I'" such that I' =TT, I'> 1"

and I+t : T

Now that we obtained an erasure from S to F,, with positive definitions. We

continue to show latter is strongly normalizing. The development below is in F,, with
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positive definitions. Let SR, be the set of all reducibility candidates®. Let o be a

mapping between type variable of kind  to element of p[x].

Definition 57.

o plx] :=MR,.

pls = w1 :={f | Va € p[x], f(a) € p[~]}.

pIX*]s = o(X%).

pl(T7 = T3) o = {t | Vu. € p[T7]o, tu € p[T5],}

PLOVX"T*) 1o = Nyeppag PIT Jotr/x1-

plAXS TH)N =], = f where f is the map a — p[T"]oa/x] for any a € p[r'].

Pl T ) o = plTT 1o (15 1)

Let | - | be a function that retrieves all the term definitions from the context

Definition 58. Let p = |I'|, and FVar(I') be the set of free type variables in I'. We
define o € p[I'] if o(X") € p[&] for undefined variable X*; and o(X") = lfp(b —

plT Jo/xw)) for b € p[k] if X*— T* €T

Note that the least fix point operation in lp(b — p[T"]op/x+) is defined

since we can extend the complete lattice of reducibility candidate to complete lattice

(PIK], Crs ).

3The notion of reducibility candidate here slightly extends the standard one to handle
definitional reduction: p = —g t, where x + t € p. So it is parametrized by p.
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Definition 59. Let p = |T'| and o € p[I']. We define the relation 6 € p[I'] induc-

tively:

6 € p[IT tep[T], el
€ pll dt/z] € p[l,z : T dep[ly(z:T%) — 1]

Theorem 9 (Soundness theorem). Let p = |I'|. If 't :T* and ' - wf, then for

any 0,6 € p[I'], we have 6t € p[T*],, with p[T*], € R,.

Theorem 8 and 9 imply all the typable term in S is strongly normalizing.

5.5.2 Confluence Analysis
The complications of proving type preservation are due to several rules which
are not syntax-directed. To prove type preservation, one needs to ensure that if
Iz : T.T" can be transformed to Ilx : T,.T5, then it must be the case that T' can be
transformed to 77 and 7" can be transformed to 75. This is why we need to show
confluence for type-level reduction. We first observe that the selfGen rule and selfInst
rule are mutually inverse, and model the change of self type by the following reduction

relation.

Definition 60.

TETy =, Ty if Ty = T and Ty = [t/z]T" for some fix term t.

Note that —, models the selflnst rule, — ! models the selfGen rule. Impor-
tantly, the notion of (-reduction does not include congruence; that is, we do not allow
reduction rules like if T —, T”, then Az. T —, Az.T’. The purpose of (-reduction is to
emulate the typing rule selfInst and selfGen.

We first show confluence of —3 by applying the standard Tait-Martin Lof
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method, and then apply Hindley-Rossen’s commutativity theorem to show —, com-
mutes with —3. We use —* to denote the reflexive symmetric transitive closure of

—.
Lemma 22. —3 is confluent.

Definition 61 (Commutativity). Let —1, —o be two notions of reduction. Then —

commutes with —o iff <=1 - —9 C =1 - <.

Proposition 1. Let —1, —5 be two notions of reduction. Suppose both —1 and —

are confluent, and —7 commutes with —%. Then —1 U —4 is confluent.
Lemma 23. —3 commutes with —,. Thus —3, is confluent, where —5,=—5 U —,.

Theorem 10 (c-elimination). If I' - Hx : T1. 1y =5, lx : 7113, then I' = Ty =5 T}

and ' =T, =5 T5.

Proof. IfI' b 1lx : T1. Ty =4, 1z : T1.T7, then by the confluence of —3,, there exists a
Tsuch that '+ Ta : T1.Ty —7 s Tand I' = Tz : T].T; —7 5 T Since all the reductions
on Ilz : T7.T; preserve the structure of the dependent type, one will never have a
chance to use —,-reduction, thus I' - 11z : T7.7% —5 T and I' - Iz : T7.7} —5 T. So
T must be of the form Ilz : T3.7,. And I' - T} —5 T3, T =T —5 13, T =T —5 Ty

and I' = T5 —5 Ty. Finally, we have I' =T} =5 T] and ' =T, =5 T5.

5.5.3 Morph Analysis
The methods of the previous section are not suitable for dealing with implicit

polymorphism, since as a reduction relation, polymorphic instantiation is not con-
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fluent. For example, VX : x.X can be instantiated either to T or to T — 1. The
only known syntactic method (to our knowledge) to deal with preservation proof for
Curry-style System F is Barendregt’s method [6]. We will extend his method to

handle the instantiation of Vx : T.T".

Definition 62 (Morphing Relations).

o ([I',71) =i ([I',T2) if T =VX : .1 and Ty, = [T/ X]T" for some T such that

I'ET: k.

o (ILX k|, Th) =, (I, T2) if T, =VX : 6Ty and T' -k : O.

(L, Th) —r (I, T2) if Th = Vo : TT" and Ty, = [t/z]T" for some t such that

FEt:T.

(Cyx:T),Th) —¢ ([0, T3) if s =Vo : T Ty and T T : .

Intuitively, ([I'],71) — ([I"],72) means T} can be transformed to T, with a
change of context from I' to I'V. One can view morphing relations as a way to model
typing rules which are not syntax-directed. Note that morphing relations are not
intended to be viewed as rewrite relation. Instead of proving confluence for these
morphing relations, we try to use substitutions to summarize the effects of a sequence
of morphing relations. Before we do that, first we “lift” =g, to a form of morphing

relation.

Definition 63. ([[],T) =4, ([[,T") if T - T =5, T and T+ T : % and T+ T’ : x.
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The best way to understand the F, G mappings below is through understand-
ing Lemmas 25 and 26. They give concrete demonstrations of how to summarize a

sequence of morphing relations.

Definition 64.
ENVX :kT)=ET) EX)=X E(llz : TV.Ty) .=z : T1. Ty
EOX.T) := \X.T (D) := Ty E(Vx:T'.T):=Va:T'.T
E(x.T) :=wx.T (Tt)y:=Tt E\x.T) = Xe.T

Definition 65.

GVX :rT)=VX kT GX):= Gz : T'.15) =z : T1. T3
GAX.T):=XX.T G(TLT: ) T, Gz :T'.T):=G(T)
G(x.T) =T G(Tt):= T t GA\z.T) :== Xa.T

Lemma 24. E([T"/X|T) = [T"/X]E(T) for some T"; G([t/x]T) = [t/x]G(T) .
Proof. By induction on the structure of 7. O]

Lemma 25. If ([I',T)—;([I"],T"), then there exists a type substitution o such that

oB(T) = E(T).

Proof. 1t suffices to consider ([I'], T)—; ,([I"],7"). HT' =VX : kT and ' = 1", X : &,
then E(T") = E(T). U T = VX : Ty and T" = [T"/X|T; and ' = I”, then
E(T) = E(T1). By Lemma 32, we know E(T") = E([T"/X|T1) = [I2/X]E(T}) for

some T5. O

Lemma 26. If ([I'],T)—} o([I"],T"), then there exists a term substitution 0 such that

SG(T) = G(T).

Proof. 1t suffices to consider ([I'],T)—=,a([I"],T"). U T" =V : T1.T and I' =",
Ty, then G(T") = G(T). f T = Vx : Ty, Ty and T" = [t/z|T; and ' = I, then

E(T) = E(T1). By Lemma 32, we know E(T") = E([t/z]T}) = [t/x]E(T}). O
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Lemma 27. [f ([[], 1z : Ty.T3)—7 ,([I"], Iz : T{.T3), then there exists a type substi-

tution o such that o(Ilx : Ty 1) = Hx : T].T3.
Proof. By Lemma 25. [

Lemma 28. If ([I'], Tz : T1.T5) =7 o([I'], Iz : T].T3), then there exists a term sub-

stitution § such that 6(llx : Ty.Ty) = : T7.T5.
Proof. By Lemma 26. ]

Let —7 5, , 1. denote (=igrcU=,5)" Let =, 5,1 denote =, , 1 U =, 3.
The goal of confluence analysis and morph analysis is to establish the following com-

patibility theorem.

Theorem 11 (Compatibility). If ([[], [z : Tv.T3) =74, , 1.c ([I'], 1z : T].13), then
there exists a mized substitution* ¢ such that ([U], p(Ix : T1.Ty)) =, 5 (U], Iz : T}.T3).
Thus T'+ ¢T) = T and I' = ¢Ty =5 T3 (by Theorem 10).

Proof. By Lemma 33 and 27, making use of the fact that if I' - ¢ =, 3 ', then for any
mixed substitution ¢, we have I' - ¢t =, 5 ¢t'. ]
Theorem 12 (Type Preservation). If I' =t : T and ' F t =5 t' and T’ - wf, then
r=¢:T.

56 0#1inS

The proof of 0 # 1 follows the same method as in Theorem 5, while emptiness

of L needs the erasure and preservation theorems. Notice that in this section, by

a ="b, we mean VC' : A — x.C' a — C b with a,b : A.

4A substitution that contains both term substitution and type substitution.
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Definition 66. | :=VA :xVr: AVy: Az =y.
Theorem 13. There is no term t such that p. =1 : L

Proof. Suppose . Ft: L. By the erasure theorem (Theorem 8) in Section 5.5.1, we
have F'(p.) Ft:VA:*«VC : %«.C — C in F,. We know that VA : +VC : x.C' — C
is the singleton type®, which is inhabited by Az.z. This means ¢ —5 Az.z (the term
reductions of F, with let-bindings are the same as S) and p. = Az.z: L in S (by type
preservation, Theorem 12). Then we would have p., A : %,z : Ajy: A,C: A— % z:

C xzF z:Cy. We know this derivation is impossible since C' z 2 C' y.

Theorem 14. py.F0=1— 1.

Proof. This proof follows the method in Theorem 5. Let I' = p,a : (VB : Nat —
*B0—B1l),A:xx:Ay:AC:A— xc:C x. Wewant to construct a term of
type C' y. Let F' := An[: Nat].n [Ap : Nat.A] (Aq[: A].y)z, and note that F' : Nat — A.
We know that F' 0 =g  and F' 1 =g y. So we can indeed convert the type of ¢ from
C z to C (F 0). And then we instantiate the B in VB : Nat — *.B 0 — B 1 with
Az[: Nat].C' (F z). So we have C' (F' 0) — C (F' 1) as the type of a. Soa c: C (F 1),

which means a ¢ : C' y. So we have just shown how to inhabit 0 =1— L in S. [
5.7 Summary

We have revisited lambda encodings in type theory, and shown how a new

self type construct tx.T" supports dependent eliminations with lambda encodings,

®Note that we are dealing with Curry-style F,,.
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including induction principles. We considered System S, which incorporates self types
together with implicit products and a restricted version of global positive recursive
definition. The corresponding induction principles for Church- and Parigot-encoded
datatypes are derivable in S. By changing the notion of contradiction from explosion
to equational inconsistency, we are able to show 0 # 1 in both CC and S. We proved
type preservation, which is nontrivial for S since several rules are not syntax-directed.
We also defined an erasure from S to F,, with positive definitions, and proved strong

normalization of S by showing strong normalization of F,, with positive definitions.
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CHAPTER 6

LAMBDA ENCODING WITH COMPREHENSION

In this chapter, we will investigate iota-binder from a different perspective.
Instead of viewing iota-binder as a type construct, we view it as a set-forming con-
struct. For example, if F[z] is a formula containing a free term variable x , then
wx.F|x] describes a set of terms ¢, which satisfies the formula, i.e. t € wx. F[z] iff
Ft]. Recalled that in Chapter 5, we have - ¢ : wx.T iff - ¢ : [t/z]T. If we com-
pare t € wx.Flz] with F ¢ : wx.T, we observe that there is a similarity between the
meta-level typing relation (denoted by “:”) and the set membership notation “€”,
which lies in the object logic. This observation is inspired from our earlier work on
internalization ([19], see also Chapter 4.). Right now we are being informal, because
it is hard to draw a connection between F[t] and F ¢ : [t/x]T, since equating t € F'[t]
with F[t] violates the grammatical structure of the logic. Furthermore, one can not
naively view self type described in Chapter 5 as formula. Suppose both tx.T" and
T are corresponding to formulas, we know that for the formula Fz], the cx.F|x] is
representing a set, not a formula, so it is again incoherent to equates cx.F|x] with
tx.T'. Nonetheless, the observation above motivates us to investigate iota-binder from
a pure logical perspective.

Another source of inspiration of our work in this Chapter is from Hatcher’s

formulation of Frege’s logic [26]. Hatcher present Frege’s system [17] in modern

notations, i.e. a logic with basic set-like construct and comprehension axiom. He
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shows how to prove all of Peano’s axioms in Frege’s system. Despite Frege’s system is
inconsistent, the development of Peano’s axioms, especially the derivation of induction
principle is remarkable and should be emphasis over the inconsistency.

We first present Frege’s System § (section 6.1), to motivate our construction
of arithmetic with lambda calculus. Then we give a formulation of second order
theory of lambda calculus based on iota-binder ¢ and epsilon relation e, we call it &
(section 6.2). There are at least three similar systems, namely, Girard’s formulation
of HA, a la Takeuti [24], Krivine’s FA, [31] and Takeuti’s second order logic [48].
There are two subtle differences between & and these systems, the first one is that the
domain of individuals of & is lambda terms instead of primitive notion of numbers.
The second one is that & has (e, ¢)-notation, namely, set-abstraction and membership
relation are explict in the object language, thus comprehension axiom is needed in
®. While the other systems use predication instead of membership relation, and
set-abstraction is implicit at the meta-level, the comprehension axiom is admissible
by performing substitution. We found that with explicit (e, ¢)-notation and explicit
comprehension axiom are easier to extend to full fledge higher order system and easier
to implement(see Chapter 7). In section 6.3, we define a notion of polymorphic-
dependent typing within &, which benefits from the facts that & adimits explicit
(€, ¢)-notation. We prove all of Peano’s axioms in section 6.4. We enrich the reduction
on lambda term with n-and €2-reductions, then we are able to show that the member
of the inductively defined sets such as Nat is terminating with respect to head beta-

reduction (section 6.5). Finally, we show the notion of Leibniz equality in & is faithful
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to the conversions in lambda calculus (section 6.6.3).

6.1 Frege’s System §

Certain inconsistent systems and their corresponding antinomies are invalu-
able, because not only the antinomies can be served as criterions for maintaining
consistency, but also, perhaps more importantly, they give us examples to see how to
reconstruct a large part of mathematics within these systems. Frege’s system (a la
Hatcher) belongs to this category!. In fact, & is inspired by the Fregean construction
of numbers. We formalize an intuitionistic version of Frege’s system §, and then we

show how to derive basic arithmetic with § and how the antinomy arises.

Definition 67 (Syntax).
Domain Terms/Set a,b,s = z | wx.F
Formula F =1 | ses’ | Fy - Fy |VYo.F | FANF'

ContextI' == - |I'|F

We identify three syntactical categories in §, namely, domain terms, set and
formula. Note that set in this chapter is just a name for a syntactical category, we
should not confused the notion of set in this chapter with the set in set theory like

ZF. Note that the notion of set coincides with the notion of domain terms in §.

Definition 68 (Deduction Rules).

LOf course, one should also mention Church’s lambda calculus.



74

Fel 'R KR 'EF x¢FV(I)
'k F ' Fy I'EVa F
Ve F F,Fll_FQ F|_F1—>F2 P}_Fl
TF[s/adJF TFFR =5 TFf

Fl_Fl/\FQ Fl_Fl Fl_FZ
I'-F; ' AF,

Note that F; = F} is specified by the comprehension axiom.

Definition 69 (Comprehension). se(vx.F') = [s/z|F

Comprehension axiom is essential for Fregean number construction. The defi-
nition of number, the induction principle for numbers rely on comprehension. Because
the notion domain terms and set coincide, with comprehension axiom, § is inconsis-

tent. We will show this later.

Definition 70 (Equality). a = b := Vz.(zea = zeb).

For convenient, we write a = b to denote a — b. A .b — a. We also write a # b
fora =b — 1, Ja.A for (Va.(A — 1)) - L. Now we can proceed to construct a

naive set theory in §.

Definition 71 (Naive Set Theory).
A=w(r=0— 1)
{b} =wy="»>

¢ :=wy.(yec — 1).

anb:=z.(zea N zeb)

aUb:=1z.(zea = L.N.zeb— 1) = L
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Theorem 15.
FVz.(z = x)

FVz.(xeA — 1).

We can take xeA as our notion of contradictory because xeA implies 1. We

now can develop an elementary number theory in 3§.

Definition 72 (Fregean Numbers).
N = xNe.(Vy.(yec — Syec)) — Oec — zec.
0:={A}.

S a:=1y.3z.(zey. A .(yN{z})ea).

Theorem 16.

F OeN.

Proof. We want to prove Ve.(Vy.(yec — Syec)) — 0ec — Oec. Assume Vy.(yec —

Syec) and Oec, we want to show Oec, which is obvious?. O
Theorem 17. F Vy.(yeN — SyeN).

Proof. Assume yeN, we want to show Sye/N. By comprehension, we want to show
Ve.(Vy.(yec — Syec)) — Oec — (Sy)ec. So we assume Vy.(yec — Syec) and Oec, we
need to show (Sy)ec. We know that ye N implies Ve.(Vy.(yec — Syec)) — Oec — yec.
By modus ponens, we have yec. By universal instantiation, we have yec — Syec. So

by modus ponens, we have Syec. Thus we have the proof®. O]

2Observe that the lambda term for the proof is Church numberal zero As.\z.z.

3The lambda term for this proof is Church successor An.\s.\z.s(n s 2).



76

Theorem 18 (Induction Principle). F Ve.(Vy.(yec — Syec)) — Oec — Va.(xeN —

xec).

Proof. Assume Vy.(yec — Syec),Oec,ze N. We want to show zec. We know zeN

implies Ve.(Vy.(yec — Syec)) — Oec — wec. By modus ponens, we get wec?. O

Observe that there is an algorithmic interpretation for constructive proof of
totality of certain kind of function. For example, the proof of S is total, namely,
Vy.(yeN — SyeN), can be encoded as Church numeral’s successor An.As.\z.s (n s z).
This result is already known by Leivant and Krivine [32], [31]. So one should at least
admit there is a constructive flavor in Fregean construction of number. Of course,
the system itself is inconsistent, i.e. the following formula is provable in system §:

Let A := (tuy.ug & wy)e(tuguy & uy) =2 A — L. So we have F A — L
because A Aand A A — 1. Also, A—> L F A — 1 implies A — 1L F A,
thus F (A — 1) — L. By modus ponens, we can derive - L. It is worthnoting that

intuitionistic is irrelavant to prevent inconsistency.
6.2 System &
System & is inspired by Frege’s § and the possibility of understanding the
iota-binder as set-abstraction in higher order logic. System & is a simple logical

system with the (e, ¢)-notation.

Definition 73.

Formula F = X° | teS |OXVF | Fy — Fy | Vo.F | UX°.F

4The lambda term for this proof is iterator Af. a.An.n f a.
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Set S = X'| 1x.F
Domain Terms/Pure Lambda Termst = x | Ax.t | tt/

Context I == - |I'|F

Note that X is a formula variable, it represents any formula. X! is a set
variable, it represents any set. tx.F' is the set formed by the formula F'. To avoid
inconsistency arised in §, we separate the notion of set and domain terms, the domain
terms in & are pure lambda terms. Set can only occur inside of a formula, they do not
have their own rule and identity outside of a formula. Again, please do not confuse
the set in this Chapter with the set in ZF. IIX.F is a formula formed by quantifying
over formula and IIX'.F is formed by quantifying over set. The notation of €, ¢ are

formal parts of the language of &, they are called (e, ¢)-notation.

Definition 74 (Deduction Rules).

FeTl I'tF Fi=p, F> I-F x¢FV()
IFF I'F 5 Cony TF Vo F
rever LIFF X'¢FV(I) ie{0,1} prxOF st
TF [t/z]F - IXF TF[F'/X°|F
I'EFF, TFHEFE—F kR PEOXYLE
TFF — 5 TF 5 T [S/XF

The rule Inst0 allows us to instantiate X° with any formula, this is what the
instantiation does in system F, while the Inst1 rule allows us to instantiate a set

variable X! with any set S.

Definition 75 (Axioms). F| =, 3 Iy iff one the the following holds.

1. Fy (or Fy) is of the form te(vx.F) and Fy (or Fy) is of the form [t/z]|F.
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2. Fy (or Fy) contains a term t and Fy (or F) is obtained from Fy by replacing t

with its beta-equivalent term t'.

The first axiom corresponds to the comprehension axiom. The second axiom
corresponds to the axiom of extensionality [26], it also depends on beta-conversion ax-
iom in lambda calculus. We know that beta-conversion in lambda calculus is Church-
Rosser, thus not every lambda terms are considered equal. The reason we set up
axioms through the Conv rule is that it will not affect the overall proof tree, a direct
consequence is that the consistency and subject reduction are relatively easy to prove,

as we shall see next.

6.2.1 Consistency of System &

We have presented the whole specifications of . Now we show & is consistent,
in the sense that not every formula is provable in &. To prove consistency, we will first
devise a version of & with proof term annotation, denoted by &[p]. Then a forgetful
mapping from &[p| to System F is defined. Finally, any derivable judgement in &]p]
can be mapped to a deravable judgement in System F. Thus we can conclude the

proof term for &[p] is strongly normalizing and not every formula in & is provable.

Definition 76 (System &][p]).
Proof Terms p == a | Aa.p | pp’

Proof ContextT" = - |a:F,T

Definition 77 (Proof Annotation).
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F'Ep:F x¢FV() I'kp: By Fy =, F;
I'Ep:Vo.F 'Fp: kK

(a: F)eTl 'kp:Va.F

'kFa:F C'Ep:[t'/z]F

Fkp:F X'¢FV(I) i=0,1 TFp:IX"F

Ep:OXWF LkEp: [F/XF

F,&:Fll_plFQ Fl_p:Fl—>F2 Fl_p/IFl

L'EXap: Fy — Fy C'Epp: Fy

FFp:IX'F

Lkp:[S/XYF

The proof terms only annotated the introduction and elimination rules of

implication. We say it is in Curry style.

Definition 78. We define ¢ to be a map from &p| to System F.

P(X°) ==X ¢(teS) = ¢(S)

O(F, = Fy) = ¢(F1) = ¢(Fy)  o(IIXO.F) := [1X.¢(F)
H(IIXL.F) = I1X.6(F) o(Va.F) = ¢(F)
P(X') =X ¢(ux.F) := ¢(F)

Note that the function ¢ can be easily extended to the proof context. It maps

formula and set in B[p| to types in System F.

Lemma 29.

1. ]f F1 =B, Fg, then Qb(Fl) = ¢<F2)

2. ¢(F) = o([t'/2]F).

S([F'/XOIF) = [6(F)/ X]$(F).

S([S/XMF) = [6(9)/ X]¢(F).

The following theorem connects System &][p] with System F.
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Theorem 19. IfT'tF p: F in B[p|, then ¢(I') Fp: ¢(F) in F.

Proof. By induction on the derivation of I' = p : F.

(a: F)eTl
Case: I'+ta: F

By a: ¢(F) € ¢(I).

I'kp:F x¢FV()
Case: 'Fp:Vo.F

By IH, we know that ¢(I') - p: ¢(F) = ¢(Va.F).

F"piFl F1 :/37LF2
Case: I'Ep: Fy

By lemma 29, we know that ¢(F)) = ¢(F3).

'Fp:Vo.F
Case: ' p: [t'/z]F

By lemma 29, we know that ¢(Va.F) = ¢(F) = ¢([t'/z|F).

THp:F Xi¢FV(I) i=0,1
Case: Fp:IIXLF

By IH, we know ¢(I') = p : ¢(F). And X ¢ FV(¢(I')), thus ¢(I') F p :

X.6(F) = ¢(Il X.F).

'-p:IXOF
Case: I'+p: [F'/X"|F

By IH, we know that ¢(I') F p : IIX.¢(F). Thus ¢(I') F p : [¢(F")/X]o(F) =

O([F'/ X |F). The last equality is by lemma 29.

I'a: Fitp:
Case: I'F da.p: F} — F

By IH, we know ¢(I'),a : ¢(F1) F p: ¢(Fy). Thus ¢(I') F Aa.p : ¢(F1) — ¢(F3).
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'bp:F—F TI'Ep: K
e Case: CEpp: Fy

By IH, ¢(I') = p: ¢(F1) = ¢(F2) and ¢(I') = p' : (F1). Thus ¢(T) = pp' : ¢(F2).

FFp:IXLF
e Case: I'+p: [S/XF

By IH, we know that ¢(I') F p : IIX.¢(F). Thus ¢(I')  p : [(S)/X]p(F) =

o([S/XF). The last equality is by lemma 29.
O

Theorem 19 implies that if I' = p : F' in &[p], then p is strongly normalizing.

So the formlua I1X°.X in & is unprovable.

6.2.2 Preservation Theorem for &|p]
We need to establish preservation property (subject reduction) for &[p] in order
to explore more unprovable formulas in & (at meta-level). The proof of preservation
theorem is an adaption of Barendregt’s method for proving preservation for System

F ala Curry [6].

Definition 79 (Formula Reduction).

° F1 —3 F2 thl =3 to, F1 = F[tl] and F2 = F[tQ]

o Iy =, Fy if Fy =tax.F and Fy = [t/x]F.

Note that F'[t;] means the lambda term t; appears inside the formula F' and

—5, denotes —5 U —,.

Lemma 30. —3, is confluent.
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Proof. We know that —5 and —, are confluent. We also know that —3 commutes

with —,, so —3, is confluent. O

Definition 80 (Morphing Relations).

o [y =, Fy if Fy =Va.F and Fy = [t/x]F for some term t.

Fi g F5 ZfFQ = VCL’Fl

Fi = F if FF =1X%F and F, = [F'/X°|F for formula F'.

Fl — G F2 ZfF2 = HXO.Fl.

Fy = Fy if Fi =TIXYF and F, = [S/X'|F for some set S.

Fl —gs FQ ’I,fFQ = HXI.Fl.

Let —,4; denotes the reflexive and transitive closure of —; ;1 G.is gs-

Lemma 31. Suppose no free variable of F' occurs in I'. If T'Fp: F

and F —g F', then T Fp: F'.

Definition 81.
EQ(HXOF) = E()(F) E()(XO) = X0 E[)(Fl —)FQ) =F = F
Ey(IIX'.F) :=1UX'F FEy(Vo.F) :=Va.F FEy(teS) :=teS
Definition 82.
El(HXlF) = E1<F) E1<X0) = X0 El(F1—>F2) = F1—>F2
E,(teS) :=teS Ey\(Vz.F) :=Vz.F E/(IX°F):=1X"F
Definition 83.

GIXL.F) :=IX.F G(X°):=X' G(F — F):=F — F
G(Vz.F) = G(F) G(teS) :=teS
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Lemma 32. Ey([F'/X°]|F) = [F"/X°|Ey(F) for some F";

Ey([S/XMF) = [S/XTEV(F); G([t/2]F) = [t/2]G(F).

Proof. Proof by induction on the structure of F'. O]

Lemma 33. If FF —,, F', then there exist a substitution 6 with domain of term

variables and codomain of terms such that 0G(F) = G(F").

Proof. 1t suffices to consider F'—; (F". If F' = Va.F, then G(F') = G(F). If F

Ve.Fy and F' = [t/x]Fy, then G(F) = G(F}). By lemma 32, we know G(F")

G([t/x)Fy) = [t/z]G(Fy). O

Lemma 34. If F' — ¢ F', then there exist a substitution § with domain of formula

variables and codomain of formulas such that 6 Ey(F) = Eo(F").

Proof. Tt suffices to consider F—;oF'. If F' = IIX°.F, then Ey(F') = Eo(F). If
F =TX%F, and F' = [F"/X°]Fy, then Eo(F) = Eo(Fy). By lemma 32, we know
EQ(F/) = E()([F”/XO]Fl) = [FQ/XO]EO(Fl) for some FQ.

]

Lemma 35. If F' —,, F', then there exist a substitution 0 with domain of set

variables and codomain of sets such that 0E,(F) = Ey(F").

Proof. Tt suffices to consider F— ,sF'. If F' = IIX'.F, then E\(F') = Ey(F). If
F = IIX'F, and F' = [S/X'F}, then E|(F) = E;(F;). By lemma 32, we know

E\(F') = BE\([S/XYF) = [S/XYEy(F). O
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Theorem 20 (Compatibility). If (F} — F) — (F] — F), then there

*
L7/37i7g7I’G7is7gs

exists a mized substitution® § such that 6(Fy — Fy) —5 F| — Fj. Thus 60F; —g F]

and 0F, —p Fy.

Proof. By lemma 33, lemma 34 and lemma 35, we have §(Fy — F,) =3, F] — F)
for some mix substitution 0. Since —, reduction can not happen in the sequence
IFy — Fy) —p, F| — F3, so we have 0(Fy — Fy) —p F| — F,. Thus 0F) —4 F]

and 6Fy, —5 F.

Lemma 36 (Inversion).
o I[fT'l-a: F, then exist Fy such that 1= 5, 1 gt and (a: F1) € T.

o [fT'F pipy : F, then exist Iy, Fy such that U py - F1 — Fy and ' F py @ F

*
and F2%L7B7i’g7I7G7iS7gSF‘

o If ' - Xa.p : F, then exist F\, F5 such that I'ya : Fy = p : Fy and F, —

*
F2_>L7ﬂ7izg>I7G>is7gsF.

Lemma 37 (Substitution).
1. IfU'Fp: F, then for any mized substitution 6, 0I' = p: 0 F.
2. IfT,a: Ftp:F and U Fp' . F, thenT - [p//alp: F'.

Theorem 21 (Preservation). IfI'Fp: F andp —pgp', then ' p': F.

5 A substitution that contains term, set and formula substitution
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Proof. We list one interesting case:

F|_p11F1—>F2 FPngFl
I'Fpips s I3

Suppose I' = (Aa.p1)ps —p [p2/alpi. We know that I' = Xa.py : Fi1 — F» and
I' F py : F. By inversion on I' = Aa.py : F; — F5, we know that there exist
FY, Fy such that T';a @ F| = py @ Fy and (F] — F3)=7 5,0 16is0s(F1 = F2). By
theorem 20, we have §(F] — Fj) =5 (Fy — F3). By Church-Rosser of =3, we have
O0F] =5 Fy and 0F) =5 F». So by (1) of lemma 37, we have I';a : 6F] F py : 6F}. So

I'a:0F Fpy: Fy. Since I' Fpy : 0F], by (2) of lemma 37, I' = [pa/alpy : Fo.

6.3 A Polymorphic Dependent Type System &[]
In this section, we first show a polymorphic dependent type system &[t]. Then,
we define an embedding from &[t] to &. The embedding is invertable, thus we can
transform (at meta level) a judgement in & to a judgement in &[t] and vice versa.

We call this behavior reciprocity.

Definition 84 (Syntax).

Lambda Termst = x | \x.t | ¢t/

Internal Types U = X' | 12.Q | Uz : U.U" | AXL.U

Internal Formula Q = X° | teU | IX°.Q | Q — Q' | V2.Q | TIX1.Q

Internal Context U := - | U, zeU

Besides basic set formed by formula and set variable, internal types includes

dependent-type-like construct Iz : U.U’ and polymorphic-type-like construct AX!.U.
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The internal formula stay the same as formula in & except replacing the notion of set
by the notion of internal type. We can view e relation as a kind of typing relation,
thus we have the notion of internal context as a list of formula of the form xeU and

the following internal typing relation.

Definition 85 (Internal Typing). |V IF teU

el € U U, 2elU |- tel’ Uit X'¢ FV(U)
v I+ zeU U - Ax.tellz : U.U’ U - teAXLU

Ul teAXYU Viktielle : U'.U VI taelU’

The internal typing looks remarkably like the usual polymorphic dependent

type system. But we want to emphasis that the meaning of internal typing in &[t] is
different from the usual notion of typing. The internal typing relation is an internal
formula in &]t] (which lies in the object language), while the ususal notion of typing
relation is a meta-level relation. For example, teU is a formula while ¢ : T" is a meta-
level relation. The emergence of internal typing benefits from the (e, ¢)-notation. Now

let us relate &[t] with &.

Definition 86. [-] is an embedding from internal types in B[t] to sets in &, internal
formulas in &t] to formulas in &.

(Y] Xt

[te.Q] == v [Q]

[z : U"U] := vf Vo (xe[U'] — f ze[U]), where f is fresh.

[AXYU] := 1x.(IIX  .ze[U]), where x is fresh.

[X°] := X°
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[teU] := te[U]

[Q = Q=[] = [Q]
[ILX7.Q] = IX%.[Q].
[Vz.Q] == V.[Q].

[zeU, O] := ze[U], [¥]

Lemma 38. [t'/z][U] = [[t'/«]U] and [[U"]/X"][U] = [[U"/X"]U].

Proof. By induction on structure of U. 0
Theorem 22. If U I teU, then [¥] + te[UT].

Proof. By induction on the derivation of W |- teU.
zelU € ¥
e Case: VU IF xeU
[¥] F xe[U], since xe[U] € [¥].

U, xeU |- tel’
o Case: VU I \x.tellx : U.U’

By induction, we have [U], ze[U] F te[U’]. So [¥] F xe[U] — te[U’], then by
V-intro rule, we have [V] F Vz.(ze[U] — te[U’]). By comprehension rule and
beta-reduction, we get [V] F Az.teefVe.(xe[U] — f ze[U’]). We know that

[z : U.U'] := of V. (ze[U] — f ze[U']).

U Ik telle : U'.U W IF e’
e Case: U I tt'e[t' [x|U

By induction, we have [V] & terf.Vr.(xe[U'] — f ze[U]) and [¥] F t'e[U’].
By comprehension, we have [V] F Va.(ze[U'] — t xe[U]). Instantiate z with

t', we have [U] F t'e[U'] — t t'e[t’/x][U]. So by modus ponens, we have
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[¥] F tt'e[t’/z][U]. By lemma 38, we know that [t'/z|[U] = [[t'/=]U]. So

[] F e[t /x]U].

Ukt X'¢ FV(D)
e Case: U - teAXL.U

By induction, one has [¥] F te[U]. So one has [¥] F IX'.te[U]. So by

comprehension, one has [¥] - terx TIX . ze[U].

U teAXLU
o Case: VU te[U'/X|U

By induction, one has [¥] + tex.JIX'.2¢[U]. By comprehension, we have
[¥] F TIX!.te[U]. So by instantiation, we have [¥] + te[[U']/X][U]. Since

by lemma 38, we know [[U']/X][U] = [[U'/X']U].

Definition 87.

[-17" is a maping from the sets in & to the internal types in S|t], from the formulas
in & to the internal formulas B][t].

[X1t:= X!

[tfNVz.(xeS" — f xeS)| ™' =TIz : [S'] .[S]™', where f is fresh.

[tz (IX1.2eS)] ! := AXL[S] Y, where x is fresh.

[tz T]7! i= 2. [T] 7!

[X] ! = X0

[teS]~" = te[.S]~

[T =17 =[11" = [T

X7 T]" = TLXE [T
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Vz.T] ! .=V [T] .

[zeS, Tt := ze[S] 4, [T]F
Lemma 39. [[S]7'] =S and [[U]] ' =U.
Proof. By induction. O

By lemma 39, if we have T' - #eS in &, we can go to &[t] by [[]~" IF te[S] .

Then, after a few deductions in &[t], we can use theorem 22 to go back to &.

6.4 Proving Peano’s Axioms
In this section, we prove all of Peano’s axioms [41] in &. First, let us define

natural number as Scott numeral.

Definition 88 (Scott Numerals).
Nat := (2. IIC*.(Vy.((yeC) — (Sy)eC)) — 0eC' — xeC
S :=AnAs.\zsn

0 :=As 2.z
Theorem 23 (Peano’s Axiom 1). - OeNat.

Proof. By comprehension, we want to show - IIC*.(Vy.((yeC) — (Sy)eC)) — 0eC' —

0eC', which is obvious®. O
Definition 89 (Leibniz Equality). z =y := IC"zeC — yeC.

Theorem 24 (Peano Axiom 2-4).

6Note the proof terms for the theorem is Church numeral 0.
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1. Ve.x = x.
2. Ve Nyx =y =y =n=x.

. Ve VyVzx=y—>y=2z—>x==2.

Proof. We only prove 2, the others are easy. Assume IIC!.zeC' — yeC(1), we want
to show yeA — zeA for any A'. Instantiate C' in (1) with ¢2.(2€A — zeA). By
comprehension, we get (reA — xeA) — (yeA — zeA). And we know that xeA — xeA

is derivable in our system, so by modus ponens we get ye A — zeA. O]

Lemma 40. - - Va.Vb.IIP'.(aeP — a = b — beP).

Proof. By modus ponens. m

Theorem 25 (Peano’s Axiom 5). - - Va.Vb.(aeNat — a = b — beNat).

Proof. Let P := 1x.xeNat for lemma 40. O

Theorem 26 (Peano’s Axiom 6). - - Vm.(meNat — SmeNat).

Proof. Assume meNat. We want to show SmeNat. By comprehension, we just need
to show IIC'.(Vy.((yeC) — (Sy)eC)) — 0eC — SmeC. By Intros, we want to
derive meNat,Vy.((yeC) — (Sy)eC),0eC' = SmeC. Since meNat, we know that
HCY. (Vy.((yeC) — (Sy)eC)) — 0eC — meC. By Modus Ponens, we have meC.
We know that meNat, Vy.((yeC) — (Sy)eC),0eC = (meC) — (Sm)eC. Thus we

derive meNat, Vy.((yeC') — (Sy)eC), 0eC = SmeC, which is what we want’, O

"Note that the proof term for this theorem is Church successor.
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Theorem 27 (Induction Principle).

FTICY. (Vy.((yeC) — (Sy)eC)) — 0eC — Vm.(meNat — meC)

Proof. Assume Yy.((yeC') — (Sy)eC),0eC and meNat. We need to show that meC.
Since meNat implies that TIC*.(Vy.((yeC) — (Sy)eC)) — 0eC' — meC'. So by instan-
tiation and modus ponens we get meC. 8

]

In order to proceed to prove Peano’s axiom 7, we need to define a notion of

contradiction in &.

Definition 90 (Notion of Contradiction). L :=Vz.Vy.(x =y).

Theorem 28 (Consistency (Meta)®). L is uninhabited in &[p).

Proof. Suppose L is inhabited, that is, there is a proof term p such that - + p :
Va ¥y IICY . 2eC — yeC. By theorem 19 and theorem 21, we know that p must
normalized at some normal proof term p’ such that - - p’ : Vo.Vy.IIC.2eC — yeC.
We know that p’ must of the form Aa.p” with a : zeC. Since =3, is Church-Rosser,

we can not convert zeC to yeC. So p’ can not exist. n

Lemma 41. F0=S0— L.

Proof. Assume 0 = S0, namely, IIC'.0e¢C' — S0eC' {. We want to show Va.Vy.IIA! . xeA —

yeA. Assume zeA (1). We now instantiate C' with cu.(((An.n (Az.y) ) u)eA) in f.

8The proof terms for this theorem is As.\z.An.n s 2.

9Meaning the proof of this theorem relies on meta-level argument.
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By comprehension and beta reduction, we get zeA — yeA (2). By modus ponens of

(1), (2), we get yeA. O

We also need predecessor to prove Peano’s axiom 7.
p p

Definition 91. Pred := An.n(Az.x)0.

Lemma 42 (Congruence of Equality). F Va.Vb.Vf.a = b — fa = fb.

Proof. Assume I1C.aeC — beC. Let C := wx.fxeP with P free. Instantiate C for
the assumption, we get ae(vx. freP) — be(tx. fxeP). By conversion, we get f aeP —

f beP. So by polymorphic generalization, we get f a = f b.

Theorem 29 (Peano’s Axiom 7). - Vn.neNat — (Sn =0 — 1)

Proof. We will use induction principle (theorem 27) to prove this. We instantiate C' in
theorem 27 with ¢2.(Sz2 =0 — L), we have Vy.(Sy=0— 1) - (SSy=0— 1)) —
(S0 =0— L) — Vm.(meNat — (Sm = 0 — L)). Base case is by lemma 41. For the
step case, we assume Sy = 0 — L (IH), we want to show SSy = 0 — L. Assuming
SSy = 0, we want to show L. By lemma 42, we know that Pred(SSy) = Pred0. By

beta-reduction, we have Sy = 0. Thus by IH, we have L. O

Theorem 30 (Peano’s Axiom 8). Vm.Vn.meNat — neNat — Sm = Sn — m = n.

Proof. Assume Sm = Sn. By lemma 42, we have Pred(Sm) = Pred(Sn). So by beta

reduction, we have m = n. O
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In order to state Peano’s axiom 9, we extend the formula in & with F' A F’. And the

proof of F' A F' consist of both the proof of F' and the proof of F'1°.

Theorem 31 (Peano’s Axiom 9, Weak Induction).

= TIC.(Vy.(yeNat A (yeC) — (Sy)eC)) — 0eC — Vm.(meNat — meC)

Proof. Assume Yy.(yeNat A (yeC) — (Sy)eC) 1 and 0eC. We want to show that
Vm.(meNat — meC'). We just need to show Vm.(meNat — (meNat A meC')). We
prove this using theorem 27. For the base case, it is obvious that OeNat A 0eC. For

step case, assuming zeNat A zeC' (IH), we need to show SzeNat A SzeC'. By theorem

26, we have SzeNat. By 1, we know that SzeC'. Thus Vz.(zeNat — (zeNatAzeC')). O

We have proved all Peano’s nine axioms. We will leave the investigation of the relation

between strong induction principle and the weak induction principle as future work.

6.5 Reasoning about Programs
System & is expressive enough to reason about programs. By programs we
mean lambda calculus with Scott encoding and recursive term definitions. We first
show some simple examples about Scott numerals, and then we show how to encode

Vector in &.
Definition 92. add := An.Am.n (Ap.add p (Sm)) m

We know that the above recursive equation can be solved by fixpoint. For
convenient, we simply use the definition as a kind of build-in beta equality. i.e.

whenever we see a add, we one step unfold it.

10T his extension can be avoided by defining F A F' :=VY'.(F - F' - Y) =Y.
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Theorem 32. -+ Vn.(neNat — add n 0 = n).

Proof. We want to show Vn.(neNat — add n 0 = n). Let P := (z.add z 0 = .
Instantiate the C! in theorem 27 with P, we get Vy.(add y 0 = y — add (Sy) 0 =
Sy) — add 0 0 = 0 — Vm.(meNat — meP). We just have to prove Vy.(add y 0 = y —
add (Sy) 0 = Sy) and add 0 0 = 0. For the base case, we want to show I[1C.add 0 0eC' —
0eC. Assume add 0 0eC, since add 0 0 — 3 0, by conversion, we get 0eC'. For the step
case is a bit complicated, assume add y 0 = y, we want to show add (Sy) 0 = Sy.
Since add y 0 —3 y (Ap.add p (S0)) 0, And add (Sy) 0 —5 add y (S0) <3 S(add y 0).

So lemma 42 will give us this. ]

Theorem 33. - F Vn.(neNat — Vm.(meNat — add n meNat)). After transformed to

&[t], we have I+ addeNat — Nat — Nat. !

Proof. Let P := 1z.¥m.(meNat — add z meNat). We instantiate the C' in theorem
27, we have (Vy.((yeP) — (Sy)eP)) — 0eP — Vm.(meNat — meP). For the base
case, we need to show Vm.(meNat — add 0 meNat). By add 0 m —3 m, we have the
base case. For the step case, assuming Vm.(meNat — add y meNat) (IH), we need to
show Vm.(meNat — add (Sy) meNat). We know that add (Sy) m —% add y (Sm). By

(IH), we know add y (Sm)eNat. So add (Sy) meNat. O

In order to do vector encoding in &, we need to extend the formulas of & to

specify binary relation, so we add the following syntatic category.

HUWe write U — U’ if Iz : U.U’ with z ¢ FV(U’).
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Definition 93 (Relation'?).
Formula F == ... | (t;t)eR | IX2.F
Binary Relation R ::= X? | 1(x;y).F

Relational Comprehension (t;t")eu(z;y). F =, [(t;1)/(x;y)|F

Definition 94 (Vector).
vec(U,n) :=
1 JIC?.(Vy.Ym.Vu.(meNat — ueU — (y;m)eC — (cons m u y;Sm)eC)) —
(nil; 0)eC' — (z;n)eC
nil := \y. \x.x

cons := An v AL Ay Ay n v [.

Lemma 43. F nilevec(U, 0).

Lemma 44. - Vn.neNat — Vu.(ueU — Vi.(levec(U,n) — (cons n u l)evec(U, Sn))).

Transform to B[t], we get I conselln : Nat.U — vec(U,n) — vec(U, Sn).

Proof. Assume neNat, ueU, levec(U,n). We want to show (cons n u l)evec(U, Sn). By
comprehension, we need to show IIC?.(Vy.Vm.Vu.(meNat — ueU — (y;m)eC —
(cons m u y;Sm)eC)) — (nil;0)eC — ((cons n u 1);Sn)eC. Assume that we have
Yy Vm.Yu.(meNat — ueU — (y;m)eC — (cons m u y;Sm)eC) t and (nil;0)eC, we
need to show that ((cons n u [); Sn)eC. We know that levec(U, n), by comprehension,

we have

12We will show a more uniform extension of & in next Chapter.
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HC?.(Vy.Vm.Yu.(meNat — ueU — (y;m)eC — (cons m u y;Sm)eC)) —
(nil; 0)eC — (I;n)eC.
By modus ponens, we have (I;n)eC. Instantiate y with I, m with n, v with w in t, we
have neNat — uelU — (I;n)eC' — (cons n u I;Sn)eC. So by modus ponens, we have

(cons n u I;Sn)eC.

Theorem 34 (Induction Principle).
FInd(U,n) :=
[IC?.(Vy.Vm.Yu.(meNat — uelU — (y;m)eC — (cons m u y;Sm)eC)) —

(nil; 0)eC' — Vi.(levec(U,n) — (I;n)eC)

Proof. Assume we have levec(U, n) and

Vy.¥Ym.Yu.(meNat — ueU — (y;m)eC — (cons m u y; Sm)eC), (nil; 0)eC.
We want to show (I;n)eC. By comprehension, we have

C?.(Vy.Vm.Vu.(meNat — ueU — (y;m)eC — (cons m u y;Sm)eC)) —
(nil; 0)eC' — (I;n)eC.

By modus ponens, we have (I;n)eC.

Definition 95 (Append).

app := Ang Ang Al Aoy (Am. AR At.cons (m + ng) h (app m ng t 1))y
Theorem 35. IF appelln, : Nat.IIn, : Nat.vec(U, ny) — vec(U, ng) — vec(U, ny + ng)

Proof. Note that we state the theorem in &[t]. So we want to derive
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nieNat, noeNat IF Ay Alo.ly (Am. AR At.cons (m +ng) h (app m ng t 13))ls €
vec(U, ny) — vec(U, ny) — vec(U,ny + ny).
We now transform it back to &, we have:
nieNat, noeNat F Vrq.z1evec(U,ny) — Vag.(zaevec(U,ngy) — z1(Am.Ah.At.cons (m +
n2) h (app m ng t x9))zaevec(U, ny + na)).
We instantiate the C' in theorem 34 by
P =1 (l;n) Vry.(zoevec(U,ny) —
[ (Am/.Ah.At.cons (m' + ng) h (app m' ny t x5))zevec(U, n + na)).
So we get

(Vy.Ym.Yu.(meNat — ueU — (y; m)eP — (cons mu y; Sm)eP)) — (nil; 0)eP —
Vi.(levec(U,n) — (I;n)eP).
For the base case, we can easily prove Vzs.(xqevec(U, ng) — (nil(Am/.Ah.At.cons (m' +
ne) h (app m’ ng t x3))xsevec(U, 0 4 ny))). For the step case, assume (IH)
Vo . (zoevec(U, ng) — y(Am/ . Ah.At.cons (m'4nq) h (app m' ng t x3))xsevec(U, m—+ns)),
we want to show that Vu,.(xqevec(U,ny) — (cons m u y)(Am/.Ah.At.cons (m' +
ng) h (app m’ na t x3))xoevec(U,Sm + ny)). We know that
(cons m u y)(Am' Ah.At.cons (m' +ny) h (app m/ ny t x2))z9 =4
cons(m +nz) u (app m ng y T2) —j
cons (m + ng) u (y (Am’ . Ah.At.cons(m’ + ny) h (app m’ ng t x3))xs)).
By (IH), we know that
y(Am! Ah.At.cons (m' + ng) h (app m' ng t x3))zsevec(U,m + ny). By lemma 44

cons (m+nz) u (y (Am’ . Ah.At.cons(m/+mnq) h (app m' na t x3))x2))evec(U, S(m+ny)).



98

Thus (cons m u y)(Am/.Ah.At.cons (m' +ns) h (app m' ng t x2))xeevec(U, S(m + ny)).
Of course, we assume we have S(m + ny) = Sm + nq, so we have the proof.

]

Theorem 36 (Associativity). F V(n;.ng.ng.v1.v2.v3).(n1eNat — noeNat — nzeNat —
vievec(U,ny) — vaevec(U, ng)) — vsevec(U, ng) —

app n1 (ne +ng) v1 (app ne n3 v2 v3) = app (N1 +ne) ng (app ny ng V1 V) Vs

Proof. Assume njeNat, noeNat, nzeNat, vaevec(U, ny)), vsevec(U, ng). We want to show

V. (vievec(U,ny) — app ny (ne + n3) vy (app ne ng ve v3) = app (ng +
n9) ng (app ny ng vy va) v3).

Let P := 1(y; z).(app z (no+n3) y (app ng n3 vy v3) = app (z+n2) ns (app z ng y v2) v3).
We instantiate the C' in Ind(U, nq) with P, by comprehension we have
(Vy.Ym.Yu.(meNat — ueU — (y;m)eP — (cons m u y;Sm)eP)) — (nil;0)eP —
Vi.(levec(U,n) — (I;n)eP).

So we just need to prove base case:

app 0 (ng + n3) nil (app na ng ve v3) = app (0 + n2) ng (app 0 ng nil va) vs
and step case:

Vy.VYm.Vu.(meNat — ueU — (app m (ns2 +n3) y (app ne ng ve v3) = app (m+
n9) ng (app m ng y v2) v3) — (app Sm (ny + ng) (cons m u y) (app ng ng vy v3) =
app (Sm + ngy) ng (app Sm ny (cons m u y) vq) v3)).

For the base case, app 0 (ny + n3) nil (app n2 n3 v2 v3) —% app na N3 V2 vz <
app (0 + ng) n3 (app 0 ny nil vy) vs. For the step case, we assume app m (ny +

n3) y (app ng n3 ve v3) = app (m + ng) ng (app m ng y ve) vs(IH), we want to show
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app Sm (ng + n3) (cons m u y) (app ng n3 ve v3) =
app (Sm + nsy) n3 (app Sm ny (cons m u y) ve) v3(Goal).
We know that app Sm (ny + n3) (cons m u y) (app ng nz vz v3) —5 cons(m + ny +
n3) u (app m (n2 + n3) y (app n2 ng ve v3)) . The right hand side of the (Goal) can
be reduced to cons(m + ny 4+ n3) u (app (m + ng) n3 (app m ng y vz) vz) . So (IH) is
enough to give us the (goal). O
6.6 Termination Analysis in System &

In this section, we will show that elements in the inductive defined set are

solvable. A direct consequence of this result is that these elements is terminating

with respect to head reduction.

6.6.1 Preliminary
The definitions, lemmas and theorems in this subsection are came from Baren-

dregt’s [5], Chapter 8.3.

Definition 96 (Solvability).

o A closed lambda term t, i.e. FV(t) = 0, is solvable if there exists ty, ..., t, such

that tty..t,, =5 \x.x.

o An arbitrary term t is solvable if the closure A\xy..\xy.t, where {x1,...,x,} =

FV(t), is solvable.

e t is unsolvable iff t is not solvable.

Lemma 45. Fvery term t is of the following forms:
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o \vi...\x,.xty...t,,, where n,m > 0. It is called head normal form.

o \z1.. Az (Ay.t)ty)..tp, where m > 1,n >0 and (A\y.t)t; is called head redex.

Definition 97 (Head Reduction). t —, t' if t' is resulting from contracting the head

redex of t.

Theorem 37. A term t has a head normal form iff it is terminating with respect to

head reduction.

Theorem 38 (Wadsworth). ¢ is solvable iff t has a head normal form. In particular,

all terms in normal forms are solvable, and unsolvable terms have no normal form.

Theorem 39 (Genericity). For a unsolvable term t, if t1t =g to, where to in normal

form, then for any t', we have t1t' =4 to.

Unsolvable in general is computational irrelevance, thus it is reasonable to

equate all unsolvable terms.

Definition 98 (Omega-Reduction). Let Q be (Az.xx)\z.xx, then t —, Q iff t is

unsolvable and t Z Q.

Theorem 40. —3 U —,, is Church-Rosser.
6.6.2 Head Normalization
We add Omega-reduction as part of the term reduction in &. We now define
another notion of contradictory: 1’ := Vz.x = Q. Note that this will imply Vz.Vy.x =

y, thus we can safely take it as contradictory.

Theorem 41. F Vn.(neNat — (n =Q — 1')).
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Proof. We will prove this by induction. Recall the induction principle:
IO (Vy.((yeC) — (Sy)eC)) — 0eC' — Vm.(meNat — meC).

We instantiate C' with tz.(z = Q — L'), by comprehension, we then have (Vy.((y =
D=1 Sy=2—- 1)) - 0= — L) = Ym.(meNat - (m = Q — L1')).
It is enough to show that 0 = Q2 — 1" and Sy = 2 — 1’. We know that for Scott
numerals we have 0 := As.\z.z and Sy := As.Az.sy. Assume 0 = Q = \z1.\x2.), let
F = Xu.u p q. Assume geX?', then F 0eX! (since FO =3 q). So F (Az1. \12.Q)eX?,
thus QeX?!. Thus we just show VX'.(geX! — QeX'), which means Vq.¢ = Q. So
0=Q — 1'. Now let us show Sy = 2 — L’. Assume As.\z.sy = 2 = A\x1.\x2.02. Let
F := An.n (Ap.q) z. Assume qeX?', then F' (As.\z.sy)eX?!, thus F' (Az;.A\x0.Q)eX?,
meaning Q2eX!. So we just show IIX!.(geX — QeX). Thus Vq.q = Q. So Sy = Q —

1. [l

Above theorem implies that all the member of Nat has a head normal form
and it can be generalized to show that the elements of inductive describable set are

solvable. To see this, we prove the following meta-theorem.
Theorem 42 (Meta). If - teNat, then t #g,, (.

Proof. By theorem 41, we know that ¢ = — L. We know that by the conv rule,
if t =5, t', then F ¢ =t' in &. By contraposition, we have if I/ ¢t = t/, then t #g,, t'.

Since & is consistent (theorem 28), we know that /¢ = Q. So t #4,, . O
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6.6.3 Leibniz Equality in &

We know that by the conv rule, if t =g, ., t', then = ¢ =t in &. It is natural
to consider wether the other direction is the case, namely, to prove: if -t = ¢/, then
t =g t'. By the contraposition, we need to prove: if ¢ #g,,, t', then I/ t =t'. We
conjecture that it is hard to prove this. Due to the genericity (theorem 39) property
in lambda calculus. Oraclely, if ¢ is solvable and ¢’ is unsolvable, we can not define
a lambda term F' such that F't =g x and F't' =3 y. Because by genericity, we would
have F't =5 y, thus x =g y, which is impossible for beta-reduction. However, when
t,t’ both are solvable and t #4, ¢/, then by the results of Coppo et al. [13], we can
indeed define a lambda term F such that F't =g x and F't' =3 y. So we can derive

Ft=1t — L in System &.

Theorem 43. Assume t1,1y are solvable terms. If =t =ty in &, then t, =g, to.

Proof. By contraposition, we want to prove: if t; #g, ts, then I t; = t,. Since ¢; and
ty are distinct, then t; and ty are separable'®. i.e. there exists a lambda term F such
that F'ty = x and Fty =g y. Thus we can derive -t =t — L. Since & is consistent,

we have I/ t; = ts. O

The developments in this section together with section 6.6.2 shows that if
Ft=t — Lin &, then t #g,. t'. And if ¢, %, are solvable terms, then - ¢; =t in

& implies t; =g, to.

13Gee Barendregt’s [5], Page 256
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6.7 Summary

We present System & and develop Peano’s axioms and Vector encoding in
System & as evidents for its potentials. The usefulness of &]t] is not obvious in this
Chapter. In implementation, we make use of the reciprocity to derive inductive set
based on algebraic data type definitions. The existence of &[t] provides a way to
understand polymorphic-dependent type through &. One difference between System
® and PTS style system is that computation at formula level is currently not possible
in &, more research will be needed to explore this issue.

Compare to usual typed functional programming language, the set in System
& is more precise than the notion of type in typed functional programming language.
Not surprisingly, it is impossible to fully automate the reasoning with &. However, a
degree of automation is still possible, together with human guidence, it would be an
attracting tool to have besides the usual type system. In fact, the implementation in

next Chapter shows that it is possible to obtain such an system.
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CHAPTER 7

IMPLEMENTATION AND FUTURE IMPROVEMENTS

We first define the logic implemented in Gottlob, which is an extension of &.
Then we discuss the current implemented features of Gottlob. Finally, we discuss

some possible improvements over the current implementation.

7.1 The Gottlob System

The logic in Gottlob system is an extension of System & with Church’s simple

types [11] and maintain the comprehension scheme a la Takeuti.

Definition 99 (Syntax).
Simple Types T == v|o| 17— 171
Lambda Termst = x| Ax.t | tt

PreFormula F =z | wx.F | teF | F — F' |VYao.F | FF' | Ft

Proofp = x |mppp |inst pt | cmp p | ug z.p | discharge x : F.p
Type Context A == - | Ajx:T
Proof ContextT" = - | [x: F

The intended meaning of type ¢ is individuals and type o is formula. With
Church’s simple type device, the set mentioned in previous chapter will be a prefor-

mula of type ¢ — o.

Definition 100 (Type Inference for PreFormula).
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rTEA Ax:7THF:71
AFt:e AFz:T Al wF: 7 =71
AFF 1 =T AFFi:o AFF:0 AFF:1—o0
AFFt:r AFF, —Fy:o0 AFteF :o

AFF:7—>7 AFF:7 Azx:THF:o0
AFFF 71 AFRVzZ.F:o

Note that type inference for preformula is decidable. We call a preformula of

type o well-formed formula.

Definition 101 (Proof Checking Rules).

'Ep:F x¢FV() CkEp: 1 F2F
'Fug x.p:Va.F I'Fcmp p: Fy
(x:F)el 'Ep:Ve.FF Qu=t|F
Fkx:F ['Finst p Q : [Q/x]F

F,a:Fll—p:Fz Fl_piFl—>F2 Fl_p/:Fl
I' - discharge a : Fi.p: Fy — F, F'Fmppyp : F

We can see that the proof checking is actually simpler than the one in Section
6.2.1, Chapter 6. The proof checking rule is specifically designed so that given I" and

p, we can deduce F with I' =p : F.

Definition 102. F' = F’ iff one of the following holds.

o F'=[t/z]F\, and F' = [t'/x]Fy witht =5 t'.

o F=te(tx.Fy) and F' = [t/z]|F}.

o ['=C[(tx.F1)Q| and F' = C[|Q/x]|F]|, where Q == t | F for some preformula

context C.
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We have seen the full specification of the logic in Gottlob. It is consider more
flexible in the sense that now Leibniz equality can be defined as

Eq:t— 11— 0:=1a..0.¥C.aeC' — beC
Vector can be defined as

Vec : (t = 0) =1t — 1 — 0:=UaxNV...
The point is that with help of comprehension and simple types, we do not need
to appeal to meta-level conventions like we did before in last Chapter. Gottlob is
considered more expressive than System & in the sense that now we can express set
of set, namely, entity of type (t — 0) — o, up to arbitrary hierarchy. We can still
define an erasure from Gottlob to Girard’s System F (erasing everything except entity

of type o), thus not every formula is provable in Gottlob.

7.2 The Implemented Features of Gottlob

Gottlob is implemented in Haskell, a functional-imperative programming lan-
guage. The total lines of Haskell code (loc) currently is about 2700. About 600 loc are
from the parser and the pretty-printing module; about 400 loc are used to describe
syntax tree; about 700 loc are used to implement the proof checker; the rest of the
codes deal with program transformation and polymorphic type checking. The project
is available through https://github.com/Fermat/Gottlob.

Logic. The logic in Gottlob is described in Section 7.1. We implement a
simple version of constraints solving algorithm to check the well-formedness of a
formula. Proofs are represented as objects but not functions. So in Gottlob, we do

not use proof as program and we do not run proof as program. That is not to say we
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can not program with proof. As we will discuss later, there are many common proof
patterns we want to capture, and in Gottlob, we can use a notion of tactic to capture
the proof pattern. Basically, a tactic is a meta-level function that take in an object
(lambda terms, formula or proof) and return a proof. In Gottlob, formula/set can
not be defined by recursion/induction. So inductive formula or inductive predicate is
not supported. The proof language is in natural deduction style, while still allow user
to write a big proof term to prove a theroem if she/he prefer. The proof language is
carefully designed such that Gottlob can infer the formula of a proof term.

Proof Pattern and Tactic. After the second iteration of the implementa-
tion, the author realized that treating proof as object although can simplify the proof
checking process, the author has to write long proof most of the time even to prove
simple lemmas like congruence of equality. Long proof greatly affects the readabil-
ity, readability is one of the goals of designing Gottlob. We notice that this issue
can be fixed by introducing user-defined tactics in the proofs. By tactic we mean a
meta-program that can take in proofs/formulas/programs as arguments and produce
a checkable proof. The idea is that there are many proof patterns that can not be
easily captured by lemma, but can be captured reasonably by tactic. For example,
we know that we can always construct a proof of t; =pcpui, t2 if 1 can be evaluated
to t,. However, the notion of “t; can be evaluated to t;” can not captured by the
language, so everytime one want to prove t; =peipniz t2, one would need to manually
construct a proof of t; =reipniz t2. It is easy to see that all these proofs are the same

except we only vary 1, ts. This proof pattern can be captured by introducing a meta-
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program that takes in ¢y, s as argument and produce a of proof of t; =y eipni, t2. This
meta-program does not need to be typed, because the correctness of its outputs will
always be checked by the proof checker.

Since the logic in Gottlob is higher order logic a la Takeuti, it can capture
some common proof patterns. For example, we know that for any formula F(z) with
x free in F, we know that we can always construct a proof of Vz.F(x) — F(x).
This pattern can be captured by the proof of VO Vx.x € C — x € C. To obtain
a proof of Vx.Fi(x) — Fi(z), one just need to instantiate C' with tz.Fj(z), then by
comprehension we can get a proof of Va.Fy(z) — Fi(z). So we think that higher
order logic in combination with tactic provide a good way to capture proof patterns.

About Gottlob Program. We mentioned that the logic includes the un-
typed lambda calculus as its domain of individuals. And untyped lambda calculus is
basic of the program in Gottlob. It is natural to concerns about the type descipline
for the program. Empirically, we realize that type checking can capture an range of
bugs without requiring the programmer to annotate the program. So we implement
a version of Hindley-Milner polymorphic type inference based on [29]. Our type in-
ference system can handle mutual recursive defined programs naturally similar to the
style of Haskell. We want to emphasis that even polymorphic type inference is conve-
nient, it does not capture all the bugs and certainly does not verify a program. One
would need to use the logic of Gottlob to prove theorems about programs. Gottlob’s
logic system treat program as untype lambda calculus. We think it is appropriate,

because one usually need to reason about the execution behavior of the program,
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not the type behavior of a program, so the type information for a program is not as
relevant as one may think. So when the author write programs and prove properties
about the programs in Gottlob, internally, it first type check the programs, and then
elaborate the programs to untyped lambda calculus, which is the execution model
of the program, then finally, the reasoning is performed on the elaborated lambda
terms!.

Pattern Matching and Algebraic Data Type. Pattern matching and
algebraic data type are central in Gottlob. Program can be defined as a set of “equa-
tions” just like Haskell function definition. And within each equation, one can use
the case expression to further pattern match on data. So it seems like Gottlob does
support pattern matching. Internally, polymorphic type checking is first performed
on functions defined by pattern matching. After type checking, Gottlob translate a
set of definitions in to a single equivalent function defined by case-expression (this
process is described in [42]), then further translate this function to lambda term.
The translation from case-expression to lambda term is done with respect to Scott
encoding scheme. So case expression is not primitive in the execution model.

The translation process of pattern matching only make sense when the data
is Scott encoded data. So for each algebraic data type declaration, Gottlob construct
the corresponding Scott-encoded lambda term for each data type constructor. Data

type declaration is also used for automatically deriving the corresponding inductive

defined set and the corresponding induction principle. Data type declaration is also

1S0 it feels like reasoning directly on the compiled programs.
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used for the polymorphic type checking. Let us see a concrete example, the following

code are the data declaration for list and the append function in Gottlob.

data List U where
nil :: List U
cons :: U ->List U -> List U
deriving Ind
append nil 1 =1

append (cons u 1’) 1 = cons u (append 1’ 1)

From the type annotation in the data type declaration, Gottlob will infer the
type of append is VU.List U — List U — List U. And it will also infer that

nil = An.Aen

cons = Aas. A\aj.A\N.AC.C as Gy

List : (t 5 0) =t —0 =WU.xNVL..

indList := p:VUVLaileL U — (Vx.zeU — V20.20eL U — cons x x0eLU) —
Vao.xelist U — xe L U.

Note that the p in indList is the proof of induction principle, Gottlob will
check that the proof p. Also, Gottlob will perform this process for any algebraic data
type.

7.3 Future Improvements
There are a lot of rooms for improvements for Gottlob.
Equality Reasoning. We want to implement an automatic equality rea-

soning feature to relieve the burden of simple equality proofs. Gottlob uses Leib-
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niz equality extensively, so it is quite cumbersome to construct simple proofs about
equality even with the help of tactic. We would need to implement this feature at
meta-level and generate checkable proof of equality, then we do not need to trust
the equality reasoning engine. We think this feature will greatly simplify the current
equality proof while still give the author enough information to know the underlying
mechanism.

Reasoning about States. Some algorithms (for example, graph algorithms)
are natural to describe with the help of state, to really demonstrate the usefulness of
Gottlob, we would need to do a case study on verifying this kind of algorithm. So we
would need to provide a form of monadic framework in Gottlob.

Polymorphic Type Checking. Currently, the type checking system for
Gottlob can only handle rank-1 polymorphism. It would be interesting to explore
possible extensions of the type checking system to support richer notion of types
while not requiring extensive annotations.

On a more practical side, the author would need to think about the issues of
compilation, I/O and efficiency issues. It would also be nice to have an interpretor-like

environment for the author to interact with the Gottlob system.
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