Physics-Informed Machine Learning Part 111: Hard-
Constraint ODE Method for Structural Dynamics

Mohsen Gol Zardian!, Austin R.J. Downey!-?, Eleonora Maria
Tronci?, Conor Madden!, Daniel Coble!#, Sina Navidi®, and Chao Hu’

'Department of Mechanical Engineering, University of South Carolina
?Department of Civil and Environmental Engineering
University of South Carolina
3Department of Civil and Environmental Engineering New York University
“Department of Mechanical Engineering & Materials Science Duke University
>School of Mechanical, Aerospace, and Manufacturing Engineering University of Connecticut

UNIVERSITY OF

SOUTH CAROLINA




Physics-Informed Machine Learning (PIML): Big
Picture

« Combines governing physics with data-driven learning
* Reduces data requirements compared to data-driven models
* Improves physical consistency and interpretability

Physics-informed Machine learn

Computer Science Engineering and Physics

(a) Purely data-driven (b) Physics-based data driven (c) Physics-informed Neural networks




Why Purely Data-Driven Models Fall Short

* Require large, high-quality
datasets

 Can violate known physical
laws

* Poor extrapolation beyond
training regime

 Limited interpretability for
engineering decisions




What PIML Adds to the Learning Process

. !Encodes governing equations e LD -c(D) - 0
into learning m

» Constrains predictions to
physically admissible solutions

* Improves generalization under
noise and sparsity

* Bridges modeling and sensing &= ...




Two Classes of PIML Approaches

« Hard-constraint PIML (Part |ll) g

* Physics embedded directly in
model architecture

« Soft-constraint PIML (Part V)

* Physics residual added to loss
function Ex st E

» Trade-off between erX|b|I|ty Can’t go through, no Go through if willing to
and strict enforcement matter the penalty pay the penalty




Part Il Recap: Structural Response Forecasting

® Problem
IHarmonic oscillaton

« Combines governing physics with
data-driven learning

* Reduces data requirements
compared to purely data-driven Neural network
models

* Improves physical consistency and
interpretability

 Especially valuable for dynamical
systems

Physics-informed neural network
Training step: 150




Part llI: Shift from Forecasting to State Estimation

* Focus shifts from prediction tc
state estimation | K="

 Emphasis on inverse problem

« Estimate hidden system
properties

* Physics must be satisfied at
every step




Targeted Study




Targeted Study Overview

 Demonstration of hard-
constraint PIML on a canonical
system

* Focus on inverse problem:
stiffness estimation

 Controlled numerical study to
iIsolate behavior

* Benchmark against physics-
only and data-only models

wysics-Informed Machine Learming Part [ Hard-Constraint ODE

Method for Structural Dynamics




Benchmark Structural System

 Single-degree-of-freedom spring—
mass—damper system

* Widely used model in structural
dynamics

« Simple enough for interpretability

* Rich enough to expose inverse-
problem challenges
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Time-Varying Stiffness and Resonance Behavior
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» Prescribed stiffness 0
decreases over time
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lowers natural
frequency
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« System passes
through resonance as
frequencies align

* Produces strong,

nonstationary response
features
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Why This Becomes an Inverse Problem

« Stiffness is not directly measured
* Only acceleration response is observed

« Multiple stiffness histories can explain similar responses

acceleration (m/s”)

Al
60
time (s)




Hard-Constraint PIML: Key Idea

) Nepral netwprk \\indo\chflutu
estimates stiffness : =

« Governing ODE atea) ( D - -2 -X0)
. P i data loss

checks k by solving : ‘ " N e (T n @3 o 100)
the ODE at every e | iniial conditions ¥ Ll

inference step

* No physics residual
added to the loss (just
RMSE)

* Physics enforced in
model architecture

physics layer

optimizer -

model trained




What the Model Sees

Input: windowed
I t- h . t Algorithm 1 preprocessing pipeline from raw data to mini-batches
aCCG e ra IO n IS O ry I: procedure BUILDBATCHES({CSV,, } 1.8, T.W,B,p)

n=

Require: each CSV,, has L rows and D columns (e.g.. t.x.v,a.k. F)

N O a CCGSS to d iS p I a Ce m e nt Ensure: iterable of train/validation mini-batches with shape (B,7.W)

counts/params: N — number of trajectories; L — rows/trajectory; D — columns; 7 — segment length: W —

. indow length; B — batch size
or StlffneSS 3: “lnsl‘::pt:::x]Lxl_)z dxC:;:ack(csv[.....cst)

downsample by factor s: X < Downsample(X,s): L + ceil(L/s)

Windowed acceleration fed ~ © "wvii.
window length W: a4, « [a” a"

into NN as input vectorand  + Bl o

fort=1toL—T+1do

the estimated stiffness is the =« segment size T W: 5 - (a%.....a%_yy)

11: end for

OUtpUt. :% end for

total segments: Niep ¢ N(L—T +1)
14: split ratio p:  {train}, {val} + Spli[({S(r") }.p)

S h O rt ti m e Wi n d OWS Ca ptu re :; endt:r:)(c):j::epe (B,T,W): batches + Batch({train/val},B)
local dynamics




Neural Network: Parameter Estimation

* Neural network ingests
windowed acceleration
history

 Qutputs time-varying
effective stiffness k(t)

* No prediction of
acceleration

* Learns parameters, not
dynamics

physics layer
ODE
#(t)= M0 - c(0) - k(1)
m

data loss

Key message: NN # dynamics solver




Physics Layer: State Propagation

» Estimated stiffness
passed to ODE solver

I 1 49 ( T ' ?
» Governing equation KRN ™ N\

1¥(t)= _M0) - e(1) - k(1)
m

enforced exactly
 Displacement and velocity
propagated in time

 Acceleration
reconstructed from ODE
states

data loss

Key message: dynamics come from
physics, not the NN




Training Loop: How Learning Happens

* Predicted acceleration
compared to measured
acceleration

ODE

* Loss defined as acceleration |« OXW OG0 -~ C —o—fo-10-20T0

mismatch

 Error backpropagated
through ODE solver

* Neural network updated to
Improve stiffness estimates

Key message: data trains the NN
through physics




Inference: Hard-Constraint PIML Forward Pass

NN estimates time-varying stiffness from acceleration windows
ODE propagates displacement and velocity states forward in time
Acceleration is reconstructed from the physics-based state update
Governing dynamics are enforced at every inference step

X1, Xy, X,

I L s & I

ODE solver | x ODE solver | X, ~+«++ X;, | ODE solver

T kh T k’: T k”’

ML model ML model ML model

T T T

f, inputs f> inputs t, Inputs




Results: Inverse Stiffness Identification (The Good)

* Time-varying stiffness inferred from acceleration-only measurements
» Hard-constraint PIML tracks global stiffness degradation
« Comparable accuracy to data-only model
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Results: Inverse Stiffness Identification (The Bad)

* High-frequency ripple reflects strict physics enforcement
« Computationally expensive due to having to solve the ODE at each step
» Performance depends on the correctness of the physical model

== = physics-based model
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Activation Functions: Intuition

* Activation function controls how

signals propagate through the
network

» Sigmoid compresses outputs to
[0,1]

* Tanh maps inputs to [-1,1 and is
zero-centered

* Vibration signals are +/— and zero
centered

Activation func

tons
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= |
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0
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Parameter Study:

» Tanh consistently achieves lower
RMSE for shallow networks

« Sigmoid requires deeper
architectures to reach similar
accuracy

« Both activations converge for
sufficiently deep and wide models

 Activation choice primarily
impacts learning efficiency, not
final capability

RMSE
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Parameter Study:

“The goal here isn’t to replace existing inverse methods, but to explore
what we gain—and what we give up—by enforcing physics exactly.”

» Perspective:
« Many effective methods for inverse problems in structural dynamics
* Physics-informed machine learning is not a universal solution
« |t offers a compelling framework for combining data and physics

» Strengths of hard-constraint PIML.:
« Enables parameter estimation from indirect measurements
» Enforces physical consistency by construction

 Limitations of hard-constraint PIML.:
« Computationally expensive due to embedded ODE solver
- Sensitive to correctness of the assumed physical model Can't go through, no
« Strict enforcement can introduce high-frequency artifacts matter the penalty

23
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