Today’s Agenda

e Fourier Transform
e Discrete Time Fourier Transform

 Discrete Fourier Transform



Recall: Fourier Series

f(t) is a continuous function with period T, we have

j2znt

f(t)= +Zoo:cne T

where

1 T/2 _j27Z'nt

C,=— f(he T dt, n=0,%1, £2,...
T J-1/2




Recall: Fourier Transform in 1D

ﬁatial domain = Frequency domain \

F(u)= foo f (t)e‘jz’wtdt Forward transform

Frequency domain - Spatial domain

\_

f(t)= J: F( lu)ejz’wtd u  Inverse transform

/

Fourier transform pair



Basic Properties of FT

Linearity h(t) = af (t) +bg(t) <> H(u) =aF (1) +bG(w)
Translation h(t) = f(t—t,) & H(u) =e ™ F(u)

Modulation h(t) =e!*™"'f (t) <> H () = F(,u o)
h(t) = f (at) <> H(u)-—F(“)

Conjugation ~ h(t)=T*(t) <> H(u)=F*(-p)

Scaling

Symmetry t({t) & F(u)=F () & T(-u)



FT of an Impulse

o)y o F(u)=1
S(t-t;) > F () =¢ %



FT of an Impulse

el#l 59 F(e/2™t) = §(u —to)

Symmetry property

tt) > F()=F@U) o T(-4) |mm Fe=2mbt) = §(—p — t,)

§(t —to) © F(u) = e7/2mubo

Scaling property ‘

ht) = f(at) & H(w) = 1 F(g) ) F(e/?70") = §(u — to)

a




Discrete Impulses and Sifting Property

Unit impulse

r

1 1If x=0 0
O(X) =+ and o(x)=1
(=10 if xr0 M9 290

Sifting property 8(x — x0)

.

D 809 = g(0)

X=— 0 Xq
0 FIGURE 4.2
A unit discrete
§ 6(x — Xo)g (x) = g(xp) impulse located at

X = Xxg. Variable x
is discrete, and &
is 0 everywhere
except at x = x,,.

X=—00



Impulse Train

Sy (1) = > S(t—nAT)
sat (1)

FIGURE 4.3 An
impulse train.
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Sampling in Spatial Domain

()= f()sy ()= f OS5 —nAT)

FIGURE 4.5

0 (a) A continuous

Sar(f) function. (b) Train ‘
of impulses used

‘ I | | | to model the

| | | | ‘ | sampling process.

(0.0)
S o 0= ) fkaT)

F(@)sar(?)
as the product of k=—o0

PRSI (a) and (b).
R ,[—T\ (d) Sample values

-~

11 . obtained by

UT2AT-ATO ATRAT integration and 1
T = JUEAD using the sifting —
o o property of the AT
« * . impulse. (The
« * e dashed line in (c)
T T ks shown for
reference. It is not
part of the data.)

IS the sampling rate




sar(t)

FT of an Impulse Train

... =3AT —2AT —AT 0 AT 2AT 3AT ---.
?
S, (t) &
" 2
: : : : Jﬁt
Fourier series of an impulse train S, (1) = che
N=—00
AT
where 2 ‘jZAﬂ—nt 1
Cn = 7 _ATTSAT(t)e T dt wm==) ==
— 1 N ]Zﬂt
Sar(t) = 7 e’ AT



FT of an Impulse and Impulse Train

(00
el?mtol o §(u — t) 1 j2m
Sar(t) = — e
] At (1) AT L
Letty = — =T
S(W) = F(san(t)) = — S 5 — —
W) = Flsar(®) =52 Y 6(u=7)
n=-—oo

FT of an impulse train is an impulse
— train in frequency domain

o0 1 o0
sar() = ) 8t —nbT) & SG =7 > 8(u—70)

n=—oo n=—oo



Convolution

Convolution in the spatial domain

a
Recall 1D convolution ZW(S) f(x—s)

s=—a

Continuous f (t)®h(t) = foo f(z)h(t—7)dr

convolution

F(u)H (1)

What is its FT?

How to prove it?



Convolution

T () @h(t) =F()H (1)
F(t)h(t) = F () ®H (1)

Note: the image and the kernel should be the same size



Sampling in Spatial Domain

(@)

F()= f®s, @)=Y f()St—KAT)
k=—00

wal® .

L i Fo =) foany

oo gon

AL

" T2AT-ATO AT2AT - of impulses used
f()saz(0) to model the —
sampling process. k =—00
< (c) Sampled
[ T2 B function formed

as the product of
(a) and (b).

[
Py - / \\ .
Ay
. b e S e~ (d) Sample values
""’{ r l | L, obtained by 1 .
L. . integration and
—2AT-ATO AT2AT usin%g the sifting - IS the Sample rate
Tx = f(KAT) property of the AT
impulse. (The
dashed line in (c)
is shown for
e ® o reference. It is not
e o part of the data.)




Sampling in Spatial Domain

()= fMsy ® =Y fOSE—KAT)

What is Fourier Transform of f(t)?

FT of Sar(t) -
- 1 k
PG = FGO®S(W) =37 ). Fl—1p)

k=—o0

FT of £(¢)



Sampling in Frequency Domain

F(p)

F()— A7 k=0 F (U — 1
iS.U k= % A Fw)

a summation of copies of

F(u)

F(u) ver-sampling
The separatlon between /\ /\ /\
two copies is — “2AT - -1aT VT

AT F(u)
Periodic Critical-sampling
Continuous

—ZI/AT —I;AT 0 I/LT Z/JAT 8
F(u)

A_A_A_M nersameine

L
—-3/AT -2/AT -1/AT 0 I/AT  2/AT  3/AT




Critical Sampling

F(u)
! a

b

FIGURE 4.7
(a) Transform of a
band-limited
function.
~Hmax 0 M max e (b) Transform

Fw) resulting from
k critically sampling

the same function.

v
F(u) is periodic = One period of F(u) can represent F(u)
Original signal can be reconstructed perfectly from sampled data



Reconstruction and Sampling Theorem

0 otherwise

f(t) & F(u) = Hw)F () H ) = {AT ~Himax< B S Hmax

F(u)
d

,U«/\ /\ b

l c

| : : - i FIGURE 4.8
|

|

|

|

|

|

|

Extracting one
period of the
transform of a
band-limited
function using an
ideal lowpass

1 - filter.




Aliasing - Under Sampling

F(u)

_3/AT —2/AT —1/'AT3 0 il/IAT 2AT  3/AT .
| |
COHGE
| AT |
i
0
| I
F(‘M) = H(M)Fl(p»)
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| |
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| | -

“HMmax 0 M max

a
b
c

FIGURE 4.9 (a) Fourier transform of an under-sampled, band-limited function.
(Interference from adjacent periods is shown dashed in this figure). (b) The same ideal
lowpass filter used in Fig. 4.8(b). (c) The product of (a) and (b). The interference from
adjacent periods results in aliasing that prevents perfect recovery of F(w) and,
therefore, of the original, band-limited continuous function. Compare with Fig.4.8.


https://medium.com/@rishabhgupta05/aliasing-in-images-73258df1dbd2
https://medium.com/@rishabhgupta05/aliasing-in-images-73258df1dbd2

Aliasing

r

~far

FIGURE 4.10 Illustration of aliasing. The under-sampled function (black dots) looks
like a sine wave having a frequency much lower than the frequency of the continuous
signal. The period of the sine wave is 2 s, so the zero crossings of the horizontal axis
occur every second. AT is the separation between samples.



Discrete-Time Fourier Transform

()= fMsy ® =Y fOSE—KAT)

Discrete data -> interval has discrete-time



Discrete-Time Fourier Transform

F()= fO)s,, 0) = S F(O)5(t—kAT)

k=—c0

Definition of FT =  F(u) = J f(t) e J2mHtdt

— 2 f(kAT)e—jZH,ukAT

k=—o0



Discrete-Time Fourier Transform

f(t)=f(t)sy (t)= Y F(t)S(t—KAT)
k=—00
ﬁ Discrete-Time Fourier Transform
F(w - i F (u—i) = i f(kAT) e~ 2HkAT
AT . AT L

F(w) is continuous - Difficult to implement in DSP applications

Sample F(u) in one period =) Discrete Fourier
with M equally spaced Transform
samples



Note that

Total span of one period in spatial domain: T
1

1 unit in spatial domain: AT = MT

Total M units in the frequency domain: 1/AT

1 unit in frequency domain: Au = 1/(MAT)




Discrete Fourier Transform (DFT)

coefficients of a a finite sequence of
combination of sinusoids equally spaced samples

| SRV |
F(u) = z f(xyeIzma/m

M
fx) = 2 F (u)e/2me/M
u:
x,u=012,... M—1
 1/M is the sampling interval

* uis an integer = the frequency is an integer multiplier of %T
« Both input & output are finite



Discrete FT (DFT)

F(u)=F@Uu+kM)
f(x)=f(x+kM)
x,u=012,...,M -1

 DFT is periodic with a period of M
« Both input & output are finite

DFT is important for digital signal processing and digital
Image processing



Discrete FT (DFT)

Circular Convolution:

f(X)*h(x) = MZlf(m)h(x—m)

« The convolution is periodic



Reading Assignments

Chapter 4.3-4.11
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